COMPONENT PART NOTICE
THis PAPER IS A COMPONENT PART of THE FoLLowine COMPILATION RePoRT:

(TITLE): Special Course on Stability and Transition of Laminar Flow,

(SOURCE) : Advisory Group tor Aerospace Research and Development, Neuillyesur=Seine

(France).

To orper THE cOMPLETE COMPILATION REPORT USE ___ D A147 243 .

THe COMPONENT PART 1S PROVIPZD HERE TO ALLOW USERS ACCESS TO INDIVIDUALLY
AUTHORED SECTIONS OF PROCEEDI’GS, ANNALS, SYMPOSIA, ETC. HOWEVER, THE
COMPONENT sHouLD BE CONSIDERED WITHIN THE CONTEXT OF THE OVERALL é()’PlLATlON
REPORT AND NOT AS A STAND-ALOM: TECHNICAL REPORT.

THE FoLLOWING COMPONENT PART wnumsers compr s THE COMPILATION REPORT:

AD#: POO4 045 TITLE: Description and Prediction of Transition in
Two=Dimensional, Incompressible Flow.

PO04 046 Boundary=Layer Linear Stability Theory.
P004 047 Environment and Receptivity.
PO04& 048 'Transition Description and Prediction in
Three Dimensional Flows'. |
PO04 049 Nonlinear Effects in Hydrodynamic Stability.
PO04 050° Secondary Instabili.y of Shear Flows,
PO04 051 Laminar Flow Conirn, - Viccous Simulation.

DTI
(N

Agcension For

"ETIS GRARL

| ) .‘::“
NOV 1 5 1984
PTIC TAB

Unannouneed D A

Jul\‘f‘o“ion____—_-————d . e+ comemes. . 0

By
: Distribution/
‘! —.AVlilabllﬂ.Y Codes
] " aveil esd/er
Dist Special

j

~ .
o.f\

]




"

THIS DOCUMENT IS BEST
QUALITY AVAILABLE. THE COPY
FURNISHED TO DTIC CONTAINED
A SIGNIFICANT NUMBER OF
PAGES WHICH DO NOT
REPRODUCE  LEGIBLY.



L ——

crmhl it

fostes e o e -

BOUNDARY~LAYER LINEAR STABILITY THEORY
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Leslie M. Mack

Jet Propulsion Laboratory
Californis Institute of Technology

nos e AD-P004 046

1. INTRODUCTION
1.1 Hiatortical background

Most fluid flows are turbulent rather thsn lsminar and the reason why this is so hss been the object
of study by several generstions of investigators. One of the earliest explanations was that laminar flow
18 unstable, snd the linear instebility theory was first developsd to explore this possibiiity. Such an
spprosch tells nothing about turbulence, or about the detsils of its tnitial appearance, but it does
explain why the original laminar flow cen no longer exist. A series of early papers by Rayleigh (1880,
1887,1892,1895,1913) produced sany notable resulta concerning the instadbility of inviscid flows, such as
the discovery of inflectional inatability, but little progresa was made toward the original goal.
Viscosity was comaonly thought to act only to atabilize the flow, and flows with convex velooity profiles
thus appesred to be atable., In a review of 30 years of effort, Noether {1921) wrote: "The method of
small disturbances, which can be considered essentially closed, haa led to no useful results concerning
the origin of turbulence.”

Although Taylor (1915) had already indicated that viscosity can destadilize a flow that is otherwise
stable, it remainel for Prandtl (1921), in the same year as Nosther's review paper, to independently make
the same discovery as Taylor and set in motion the investigationa that led to a viscous theory of
boundary-layer instability a few years later (Tollmien (1929)]. A aeries of papera by Schlichting (1933a,
1933b,1935,1980), and a aecond paper by Tollmien (1935) resulted in a well~developed theory with a amall
body of numerical resulta., Any expectatiou that instability and transition to turbulence are synonomous
in boundary layers was dashed by the low value of the critical Reynolds number Re po 1.6, the x Reynolds
number at which inatability firat appears. Tollmien's valus of ﬂo" for the aluius boundary layer was
60,000, and even in thg high turbulence wind tunnela of that time, transition waa obaerved to occur
betwveen lot = 3.5 2 107 and ' x 10°, In what can be considered the earliest application of linear
stability theory to transition prediction, Schlichting (1933a) caloulated the smplitude ratio of the mocat
amplified frequency as a f.inotion of Reynolds number for a Blaaius boundary layer, and found that thia
quantity had valuea betweer five and nine at the observed lo'_.

Qutside of Germany, the stability theory received little acceptance decause of the failure to observe
the prudicted wvaves, mathematical obacurities i{n the theory, and also a general feelicrg that a linear
theory could not have anything useful to say about the orfgin of turbulence, whioh 1s inherently
nonlinesr. A good idea of the low repute of the theory can be gained by reading the paper of Taylor
(1938) and the discuasion on this aubjeot {n the Proceedings of the 5th Congreaa of Applied Mechanics held
tn 1938, It was {n this atmoaphere of disbelief that one of the moat celebrated experiments in the
history of fluid mechanics was ocarried out. The experiment of Schudbauer and Skramatad (1937}, which waa
performed {n the early 1940's but not pudliahed unti] aome yeara later because of wartise cenaorship,
completely reversed the prevailing opinion and fully vindicated the Gottingsa proponents of the theory.
This experiment unequivocally demonstrated the existence of instability wavea {n a boundary layer, their
oonnection with transition, and the quantitative desoription of their behavior by the theory of Tollaien
snd Schlichting. It made an encrmous impact at the tima of fta publication, and by its very completenesa
seemed to answer most of the queationa concerning the linear theory. 7To0 a large sxtent, aubsequent
experimental work on transition went i{n other directions, and the posaibility that linear theory can be
quantitatively related to transition has not received a decisive experimental teat. On the other hand, {t
is generally accepted that flow psrameters such aa pressure gradient, suoction and heat tranafer
qualitatively affect transition in the manner predicted by the linear the~~v, and {n particular that a
flow predicted to by stabie dy the theory should remaip laminar. Thi. eipectation has cften deen
deceived, [Even 80, the linear theory, in the form of the e’, or N-fsctor, method first propoaed by Saith
and Camberoni (1956) and Yan Ingen {1956), fa today in routine use in engineering atucies of laminir flow
control [see, o.g., Hefner and Bushnell (1979)). A good introduction to the complexities of transitioa
and the difficultiea fnvolved in trying to arrive at a ratfonal approach to its prediction can de found (n
three reports dy Morkovin (1969,1978,1983), and a review article dy Reshotko (1976).

The Cersan iovestigatora were undeterred by the lack of acceptance of the atadility theory elsewhers,
and made nuaerous applications of it to boundary layera with pressure gradients and auction, This work ia
susmarised in Sohlichting’a book (1979). V¥e may make partiocular mention of the wvork by Pretsch (1942), as
he provided the oanly large body of nuaserical resulta for exact boundary-layer solulions bdefore the advent
of the compuler age by ocaloulating the atadility oharsoteriatica of the Falkner-Skan family of velooity
profiles. 7The unconviacing mathematica of the asymptotio theory was put on a aore solid foundation by Lin
(194%) and Wasow (1948), and this work haa been suciesafully coatiaued by Reid and his colladorators
[Lakin, Ng and Reid (1978)].

Whea 1o about 1960 the digital ocosputer reached a stage of development persitting the direot solution
of the primary differential equations, numeriocal reaults vere obdtained froa the linear theory during the
next ten years for many different boundary-layer flows: three-dimensionsi boundary layers {Wrown (19%9),
following the important theoretioal contridution of Stuart in Gregory et al. {1955)]; free-coavectios
boundary layers [Kurts and Crandall (1962) and Naohtaheis (1963)]; compressibdle boundary layers [Brown
(1962) and Mack (1965,1969)); boundary layera oa compliant wvalla {Landanl and Kaplan (1965)); o
recosputation of Falkner-Skan flows [Vassan, Okasuras and 3mith (1968)]; unateady boundary layers
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[Obremski, Morkovin and Landahl (1969)]}; and heated-wall water boundary layers [Watzan, Okamura end Smith
(1968)]). More recent work has focussed on three-dimensional boundary layers in response to the renewed
interest in laminar-flow control for swept wings [Srokswski and Oraszag (1977), Maok
(1977,1979a2,1979b,1981), Nayfeh (1980a,1980b), Cebec! and Stewartson (1980e,1980b), Lekoudis (1979,1980)].
A notadle contribution to linear atability theory that stands somewhat apart from the prinoipal line of
development has been provided by Caster (1968,1975,1978,1981a,1981b,1982a,1982d) in a series of papers on
the wave packets produced by a pulned point source in a boundary layer. Gaster's work on this probles
also includes a major stability experiment [Gaater and Grant (1975)].

There are a number of general references that are helpful to anyone interested in the linear theory.
Review articles are by Schlichting (1959), Shen (1954), Stuart {1963) and Rei1d (1965)., Books are by Lin
(1955), Betchov and Criminale (1967), and Drazin and Reid (1981). Schliohting's book cn boundsry~layer
theory (1979) contains two rhapters on stability theory and transition, and Monin end Yaglom's book on
turbulence (1971) contains 3 lengthy chapter on the same subject, as does the book by White (1974) on
viscous flow theory. Reviex- nf transition have been given by Dryden (1959), Tani (1969,1981), Morkovin
{1869,1v7%,1983), and Resho. ... (1976), An extensive discussion of both stability theory and transition,
not all at high speeds {n spite of the title, may be found in the recorded lectures of Mack and Morkovin
(1971).

1.2 Elements of stadbility theory

Before we get into the main body oi the subject, a brief introduction is in order to orient those who
are new to this field. The stability theory is mainly concerned with individual sine waves propagating in
the boundary layer parullel to the wall, These waves are waves of vorticity and ere commonly referred to
as Tcllelen-Schlichting waves, or TS waves, or simply as instability waves, The amplitudes of the weves,
which vary through the boundary layer and die off exponentially in the freestreas, are small enough so
that a linear theory may be used. The frequency of a wave i3 . and the wavenunmber is k = 2-/:, where
i3 the wavelength, Tha wave may be two-dimensional, with the lines of conatant phase norsal to the
freestrepn direction (and parallel to the wall), or it may be oblique, in which case the wavenumber is a
vector k at an angle . to the freestreas direction with streamwise (x) component : and spanwise (z)
component ., The phase velocity c is always less than the freestream velocity !!1. so Lhat at some point
ir. the boundary layer the mean velocity is equal to ¢. This point 18 called {he critical point, or
critioal layer, and it plays a central role in the mathematical theory. The wave amplitude usually has a
saximums near the critical layer.

At any given distance from the origin of the boundary layer, or better, at any given Reynolds number
Fe = Uyv/ , where ia the kinematic viscoaity, an instadbility wave nf frequency . will be in one of
three states: damped, neutral, or amplified. The numarical results calculated from the stability theory
are often presented in the form of diagrams of neutral stability which show graphically the boundaries
between regions of stability and instability in .,R» spaca or k,Re space. There are two general kinds of
neutral-stability diagrams to be found, as shown in Fig. 1.1 for a two-dimensional wave in a two-
dimenatonal boundary layer. In this figura, ths dimensionlesa wavenumber :‘ is plotted against R:, the
Peynclds nusber based on the boundary-layer thickness . Waves are neutral et those valuea of 1’ and Ry
which lie on the contour marked neutral; they are amplified inside of the contour, and are damped
everywhere else, With a neutral-stability ourva of type (a), all wavenusbers ere damped at suffiociently
high Reynolds numbers. In this caae, the mean flow 18 said to have viscoua {nstability. Since dagresaing
Reynolds number, or increasing viascosity, can laad to inatability, it is epparent that visocosity does mot
act sclely to damp out wavas, but can actually have a daatabliiixing influence. The inocompressible flat-
flate (Blasiua) boundary layer, and all incompresaible doundary layera with a favorable pressure gredieat,
are cxamplas of flows which are unatable only through tha action of visoosity. With a neutralestadility
curve of type (b), a non-zero nautral wavanumbar () exista at Re - ., and wvavenunbers ssaller than
{. ), ara unstable no mattar how large the Reymolds number bacomea. A mean flow with a type (b) mewtral-
sllbillly curve {a said to hava inviscid instability. The boundery layer in ar adverse pressure gradieat
18 an axample of a flow of this kind,

In both caaas (a) and (b), all waves with . leaa than the pesk value on the metutral-stability ourve
are unatable for soma range of Reynolda numbers. The Reynolds rumbsr Re,, below which mo asplificatios is
possible is called tha minimum critjcal Meynolds number. It is often an objective of stability theory to
determine Re__, although 1t muat be cautionsd thet thia quantity only tells where instadility starts, and
cannct be ni{nd upon to indicate the relative instadility of various msean flows further dowmstrean. It
i3 dafinitely not proper to identify hor with the transition point,

b wave which 1a introduced 1into a ateady boundary layer vith a particular frequeacy will preserve
that frequency as §t propagataa dovnatreas, while the wavenumber will change. Az showa ia Pig. 1.V, &
wave of frequency . which passea through the unstable region will de damped up to (Me),, the first poimt
of neutrsl atability. Between {(Re); and (Re),, the second neutral point, it will be saplified; dovastrean
of (Ra)y it will be damped again. If tha asplitude of s vave becomes large emough defore (Re)y 1o
reached, then the nonlinear prooeasea which eveiutually lead to transition will take over, sad the wave
will continue to grow even though the linsar theory says it should dasp.

The theory can ba used to caloulate amplification and damping retes as well as the frequenay,
vavenusber and Neynolds nusber of neutral veves. For example, it 1a possible to compute the amplifiestica
rate aa a function of frequency at a given Re. The neutral-atsbdility curve oaly 1deatifies the band of
unatable frequenciea, but the asplifiocation rete tells kowv fast each frequency is growiag, and whieh
frequency is growing the faateat. Even more useful than the amplification rate 15 the sxplitude histery
of a wave of constant frequency as it trevela through the uastable region. In the simplest fore of the
theory, this result can be calcoulated ia the form of a ratio of the saplitude to scme iaitial amplitude
once the ampiification rates are knova. Consegueatly, it is possible to identify, givea some iaitial
diaturbance spectrum, the frequency wvhose amplitude has inoreased the socst at cech Deymoléds muader, It 48
presusabdly one of these frequencies which, after it reaches sose oritiocal asplitude, triggers the whele
trensition proceas.
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We have divided the following meterial into three major parts: the inacompressible stebility theory
ia in Pert A, the compressible atadility theory is in Part B, and three-dimensional stability theory, both
incompressible and ocompresaible, i{s in Part C. The field of leminar instebility is a vast one, and many
topica that could well have been fincluded heve been left out for leck of epece. Ve heve restricted
ourselves striotly to boundary leyers, but even here heve omitted all flows where grevitational effects
are importent, low-apeed boundery leyers with well hesting or cooling, snd the importeant subjeat of
Gortler insteoility. Within the topice that have been ingluded, we give ¢ fairly complete acoount of what
we consider to be the essential ideas, end of what is needed to understand the publiahed literature and
sake intelligent use of a computer program fcr the solution of boundary-leyer stabdility problems.
Attention is concentrated principally on basic fdess, but elso on the formulations which are insorporsted
into computer codes bessed on the shooting-method of solving the stebility equations, Only eelected
numerical reaults are included, end these heve beer chosen for their fllustrative value, and not with any
pretension to comprehensive coverage. Numeroue references sre given, but the 1ist is by no meens
complete., In particular, s nuader of USSR referencee heve not been included beceuse of my unfamiliarity
with the Muasian language. Much use has been mede of » previous work [Mack (1969)], which is still the
most complete scurce for cospressible boundary-layer stablility theory.

FART A. INCOMPRESSIBLE STABILITT THEORY
2.  FORWILATION OF INCOMPRESSIBLE STABILITY THECRY

2.1 Derivation of parallel-flow atability equations

The three-dimensional (3D) Nevier-Stokes equations of e viscous, incompreasible fluid 1ia Cartesian

coordinatea are Y L&
.ux .u’ . 'iv_. y
« u} * C o .. P + . . u‘ 0
t . " {2.1e)
J

(2.18)

where ﬂ'i . (0' v l'), ;- (n'.y',:'). and §, 3+ (1,2,3) sccording to the sumsetion convention. The
l'lil"lhl dancte dime ntities, and overdare denote tim pendent quantities, po veloaities
. B ere ip the 3 , y 3 dtr,cuou. rupoounp, vhere X (3 the streasvise and 3 the spanvise
eoorélnau. B is the preseure; . is the demsity; is the kinemetie viscosity %/ *, with .®the
viscosity coefficient. Equations (2.1a) ars the momentum equations, aad Iq. (2.!5‘211 the ocontinuity
uation. e firet putl the Mttw in ‘unu:‘ouou fors with the veloaity sesle U.,*, the length scale
L, and the presiure saale . 0%, u are unspecified for the present. m Beyaolds ausder ie
def) ,a8 an 0.0 .
ReOLY. (2.2)
The dimennioniess equations are f{dentics) to Bgd. {(2.1) except that y 18 repleced by /R, and \' is

abeorbed into the pressure scale
Ve paxt divide esch 7low varisble luto & stesdy sead-flov ters (deaoted by an upper-case letler) and
an unsteady small disturbsooe ters (demoted by a lower-ocase letler):

U, (n,7,8,8) o U (x,7,8) o u(x,y,8,¢)
e gRIAT T Y ! (.3

Piz,y,5,t) s P(n,y,8) ¢ pln,y,5,¢) .

Wheo these eapressions sre asudatituted iato Bga. (2.1), the sean-flovw terss subtracted oul, sad the lerss
which ars quedratio ia Lhe disturbances dropped, we erfrive at the folloviag ¢imensieniess linesrized

sguaticas for the disturbance quantities:

i " “1 v, (2.8)
- (2.%)

For a truly persiiel mean flovw, of whieh a ainmple tuo-dinensionsl exzanple 48 ¢ fully-doveleped
cheanel flow, the sorwsl veloeity V 1o sere and U sad ¥ are funstioens ealy of y. The parallel-~flew

quaticns, whes writiea eut, are

4 \ :_g! ")" _d_l' - I -
RIS R iy S e (2.%0)
’ L Jv. - ol
: h O U A YU Sy e g (2.50)
: i .~ ~ L - ¢ d
Z-— " e U ;-' + o e .y & - 5a ¢ v w {2.%)
H o .
i b PO S . S [+] (2.3¢)
2 ’y 8
Adedba O0s0Al-A040 o¢lutisas B
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Cu,vow, 0T & [G(y),v(3),w(x),p(y)]T exple(xeizaut)) (2.9)

where 'and © are the x and 3 oomponents of the wavenumsber veotor k, = is the frequency, and G(y),
¥y), O(y) and f(y) are the complex funotions, or eigenfunctions, which givea the mode structure through
the boundary layer, and are to be determined dy the ordiuary differential equations given below. It {s a
astter of convenience to work with ocomplex norsal sodea; the physiocal solutions are the resl parta of Eqs.
(2.6). The normal modes are travelling waves in the x,z plane, and {n the moat general oase, :,:iand »
are all complex. }r they are real, the wave ia of neutral ?QQ‘H}? and propagates in the x,2 plane with
constant amplitude' and phase velocity o s . /k, where k = (1€+:€) 1s the magnitude of &k The angle of
K with respect to the x axis is .» hn"(.‘/ 1)e If any of 1, ¢, . are complex, the amplitude will change

as the wvave propagates.

(2.6) are substituted into (2.%), we obtain the following ordinary differential equations

When Eqa.
for the modal functions:
L Uet )8« DU & ~1iB o ; (07 = (a0, (2.70)
£( e l= )0 e -Dp o I (D% - (2erd)]e, (2.70)
1 Uecd= ) o DNY s =1.B o E 102 - (2e:®)}0 , (2.70)
G+ QeDbao, (2.70)

where D = d/dy, For a boundary layer, the boundary conditions are that at the wall the no-slip condition

applies,
0(0) s 0, %O0)soO0, &O)soO , (2.8a)

and that far from the wall all diaturbances go to 2ero,
O(y) -0, My -0, ®&y) -Oamsy - ‘. (2.80)

Since the boundary conditions are homogeneous, ve have an eigenvalue problem, and solutions of Egs. (2.7)
that aatisfy the boundary conditiona will exiat only for particular vosbinations of :,. an4 ., The
relat.on for the eigenvaluea, usually called the dispersion relation, can de written as

» ..(1..“) " (2-9)

There are sl real quantitiea in 89, (2.9); aay two of thes can be sclved for as eigenvaluves of Eqs. (2.7)
and (2,8), and the other four have to be specified, The evaluation of the dispersion relation for & given
Reynolés nuader and doundary-layer profile (0,¥V) 1s the principal task of stability theory. The
sigenvaluea, along with the correaponding eigenfunotions 0, §, ¢ and P, give a complete specifiostion of
tho norsal modss. The norsal sodes, which are the natursl modes of osoillation of the boundary layer, are
custosarily called Tolimien-Sohliohtiag (1S) vaves, or faostadility waves.

2.¢ don=parallel stadility theory

Except for the asymptotic suction douandary layer, moat boundary layers grow in the dowaatrean
dlrection, and even for a wave of conatant frequency :, , 0, ®, @ and P are all funotions of x {and 3 in
s gensral 31D boundary layer). What we have %0 deal with is a prodles of wave propagation {n & nosuniforms
sedium. Since the complete linearized equations (2.2) are not separable, they do 00t have the norsal
sodes of Lq. (2.6) as soluticns, The moat strajghtforwvard approach {s to aluply aet the non~parallel
teras Lo 2ero ob Lhe grounds that the toundsry-layer growth is smal) over a waveleagth, and it 1a the
iocel btoundary-layer profile that will dotermine the local wvave sotica. This approach, called the quasi-
or locslly-parailel theory, bas been alecat universslly adopted. It retains the parallel-flov sorsal
so0des as local solutioms, but s, of ocourse, am extra approxisation Deyood limsarisatisn sad leaves open
the question of bow importaat the adsitliedly slow growld of Lhe boundary layesr really {a. It alsc makes
for 4iffioulties 1a coeparisoas detween theory and experiseat.

The firat complete mon-parallel theortes wvere developed fndependently dy (ia order of journal
publicatioca dats) Bouthier (1972,197)), Gaster (1$7T3) and 3aric and Nayfeh (1975). Gester used the method
of sucoedsive approiisatioss; the otders used ‘be melbod of multiple scalea. There has been ocanidersble
coBtroversy os this sudject, maisly becsuse of Lhe wvay fa which Saric and Nayfeh (1975,1977) chose to
preseat their auderioal results, but 1t 1» sow generally agreed that the thres Lheories are equivaleat,
Saster's cajoulaticas of asntral-atsdility ocurves for the Blaaius Sousdary layer bBave aitnoe besa verified
te be correet by Yan 3tijn and Vaa ée Voores (190)3), and have the additional virtue of being dased on
quaatities that saa do measured axperisentally. The caleulations shov the met-parallisl teras to have
15ttle offeet o6 local 1nstadility ezseept at very lov Neysclds numbers. Nowever, i(kis does mot neea that
sop~parellel offects can Do maglected when dnaling wilh waves over distances of saAny waveleagtiha.

Ia the multipie-seale thesry, 1a additios 10 Lhe usual “Tast® 2 sedle uver vhtoh the phase changes,
there 15 3 "slew® 2 scale, 2, s &, whare : 1a a saall quantity 1deatified with /L The alow acale
goverss the boundary-layer grouth, Lhe ehange of the aigoaluactions, and a ansll adeitisnsl anplitude
sodulation The ¢isturbences are expressed ia the fers

woul® o WV, e ¢ (2.10)

1. The term amplituie will alvays refer Lo the poak or rod asplitude, sever te Lha fastastansevs
amplitude,
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with sixilar expressions for v, w and p. The mean flow is given by
U(x,y) = U(o)(x,) ey
wixy) « W) o L, (2.11)
vix,y VO e L

Here the mean boundary layer is independent of x, .iud thia 1s the only kind of boundary layer that we will
oonajider in this work. Examples are 20 planar boundary layers and the boundary layers on a rotating disk,
on a cone at zero inoidence, snd ob an infinite-span awept wing.

When Eqs. (?d!) ?5’ nuP&tuuto? ’nto Eqs. (2.8) and equsl powers of : collacted, the geroth=-order
equations for u'*/, v'V/ y ) gnd P 0) gre 1dentical to the parallel-fluv equations (2,5). The norsal
aodes, however, have the more general fors

u(O)(l.y.l.t) . A(:,)ﬂ“”(x,.y)-xp[lf)(o)(z;:,t)) ' (2.12)
where the phase funotion i»
3
(0 (x,1,1) f Oz )ax o A (xye - (O(ayye (2.13)

and A(xy) 1s » complex amplitude modulation function The dispersion relation also becomes & function of
xy:

R ‘.(0)(1(0),&“);:,) 5 {2.18)

The non-parallel theories as developed dy Bouthier, Caster, and Saric and Nayfeh eucu)‘no the diapersion
relstion only to geroth order, just as in the quasi-parallel theory. The next order (' ') enters only as a
solvability ocondition of the first-order equations. This ocondition determinss the fusction A(x,).

We shall use only the quasi-parsllel theory in the remainder of this work. Consequently, all of tle
teroth-order quantities are caloulated as functions of x in accordance with Eqs. (2.12), (2.13) and
) (2,18). However, the guasi-parallel theory cennut deteruine the quantity A(:,), and this is siaply set
equal to the initisl amplitude Ag. Ia the non-parallel theory, the product AG is a unique quantity,
independent of the normalisatios of the eigenfunction O, thst gives a precise meaning to the amplitude of
the flow variable O as a funotion of y and permits direct >omparisons of theory and experimeat. Ia the
quasi-parallel theory, only the contribution to the smplitude that comes fros the ismaginary parts of .-
and .- can be sccounted for. The correotions due to the funotion l(:,) and the x dependence of the
eigenfunctions are outside of the acope of the theory. This ilack of physical raality ia the quaai-
paralle theory introduces sn unoertajnty ino the calculation of wave asplitude and complioates comperisons
wvith experisent. More Gn the use of the quasi-parsllel theory can de found in Seotion 2.6.

2.3 TYTemporsl snd spetial theories
If : and - are real, snd . is oomplex, the amplitude will ohange with time; 1if : and ¢ are
ocomplex, ané . 13 real, the amplitude will change with x. The former case is referred to as the temporal
umaplification theory; the Jatter a3 the spalial smplification theory. If all three quantities are
cosplexs, the disturbance will grov in spece and tise. The originmal, and for sany yeara the only, fors af
the theory was the temporsl theory., owever, 1o a steady sesa flov the saplitude of a norssl sode is
iodependent ¢f Lime and ochanges only with distance. The spatial theory, which was ictroduced by Gester
{1962,1963,194%), givea this asplituds change i a aore direct sannsr than does the tamporal theory.
2.3.1 Temporal ssplificstiozn theory
With _ s . el and . and : real, the disturbasos can be writtea
R
win,y,8,t) » l(r)nn(.,t)ouﬂ(fuﬁ LG I § (2.18)
mmtmdmunnub‘rmwill
xo (a4 :2)V2 0 (2.1¢)
mmwoummumuudimmnmou
votaa”tes) . (2.1

phane velooity ¢, whieh 10 the velonitly with vhieh the sonstanti-phise linse 0ove asraal tc thessslves,
the magaitude

EY

o /b , (2.19)

and 30 12 the direstion of i. 10 4 represeats Lhe nagritute ~f § at seae partiesliar y, say the y for
wiieh @ 1o & ssxions, then 1t fellows frea By (2.15) that

(17ae/e) o b S (2.19)

poral aaplificationr rate. OVviessly & eould have Doca shesen at aay y, or
1able boasees u, 0040 Bg. (2.15) would be Lhe sane. It 15 1015 preperiy that enebles
1astability veve is the same sammer 05 the amplituds of s veter
though We trus weve asplituds L2 & Nuetios of 7 oad the Jarticular flow vartshle selested

| §-2
Set
iég
i
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bate Ve may distinguich three possidle casses:

4 €0 damped wave ,
4= 0 neutral wave , (2.20)
g 20 amplifiad vave .
The wcapiex frequency may be written
- = ko s k(o o 19y) . (2.21)
The real part of G {s equal to the phaae velocity o, and ha‘ 18 the tervie’ «anl’ ' 'atica reve, The

quantity o appears frequently (as o) .n the iiterature of .muu, theory. FHowuiwt, .} Chinot 5 uend in
the spatial theory, and since general wave theory employa only 2z and -+, with toe phase velocily being
introduced as necessary, ve shall adopt the same procedure.

2.3.c 3pstial amplification thecry
In the apatial thecry, . ia resl and the wvavenumber componeata : and . are ocaplex, HWith
{2.22)

1.1,_01:1. :'t;roi:" o

we can write the normal modes in the form
u(x,y,z,t) » G(y)erp[-( [‘xldx . .":)lup(ﬂf‘uréx e - 1] {2.23)

By snalogy with the temporal theory, we say define & real vavenumder vector J; with magnitude

ke (o2, (2.28)
4 The angle betweea the direction of k snd the x axis is
R Y I IS I (2.25)
and the phase velooity is
¢ r Wk . (2.26)
It followa from Bq. (2.23) thet
(adaasax o -, 2.21)

and ve can {dentify - ap the smplification rate in the 1 direction. In like sanner -8, ia the
asplification rate 18 the 1 4irection. Isdeed, Lhe spatial amplifioation rate {8 a veotor 1ike the
vaveRuRbder vector with sagritude

ey e V2, (2.2¢)
and angle
] ; BT S TR (2.29)

vith reapect to the 1 atuls. The agdlificationa rate -.. 1a oL this pointl & free psrsmeter, sad ita
selection §8 left for future comsidersiisa

For he speeial dousdary layers t2 e cosslidored in Lhis work (see 5 3), we dafise & spatial veve to
b3 anplifict or danped according tu whethor §te anplitude fncreases or decroasea 1) the 3 direction,
Therefore, the thres puesidie weaed wRkisl correaposd to My, (2.20) wre:

iyt DM canped wave
~y @ osutral weve (2.30)
-y 0 wmplified vave .

' 2.3.3 Belaties betveen Lamperal and spatiel theories

. 4 lasisar boundary layer is & &ispersive nodius for Lhe prepegatise of L1~otadility wavea. That s,
” { different frequensies prepagate with differest paase veloeities, se thatl the individual harseals
00PONIBLS 16 & group ol vwaves ot onn 2100 vil] be diapereed (dlaplaced) frea cash other at soae later
tise. 1a o conservetive ayotea, vhere 220rgy 10 20l sichang™ delvesa Lhe waved a8é the nedive, as
overall questily swih s the emergy 6-asity oFf amplitude pregagetes wild Lbe grewp velesity. Purtdersers,
the group veloaity ses 4o conni@ered a preparty of the indiviéudl waves, and to fellow a partioulsr aereal
sefs vo e the grewp velesity of that sede. Besouse of Canping ond anplifiestion, Lastadility weves 18 o
buundary fayer ¢o set coastitute & conservelive systen, 804 the greup veleeitly 18 in goasral seaples.
Mevever, vene of 1he 16000 of C0MBErvalive Gpetens are i1l wesful. If ve coesiar 08 cdeerver Doviag at
the grewp valesity of & asraal nede, 00 vave 10 Lo uoviag frese 7 reforesss will appesr 10 uaderge
tonperal amplificatisn, while fa the frame st rest 1t mdergoss spatial amplifisation
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Thus we can write

d/dt » C.d/dx (2.3}

‘ ’
where in this arguaent C. is the aagnitude of E:,.. the real part of the group velooity veotor &, and x_ 18
the coordinate in the direction of r Therefore, 1f wy ia the tesporal asplification rate, the lpl!lll
ampiificatior. rate in the direction parallel to C,. is immediately given to be

“Ciy)e /€, (2.32)

The probles of converting a temporal to a spatial amplification rate was first encountered by
Schlichting (1933a), who used the two-dimenaional veruion of Rq. (2.32) without comment. The same
relation wes xlso usecd later by Lees (1952), and justified on intuitive grounds, but the first
msthemstios] dcrivetion was given by Gsster (1362) for the 2D case, and the relation bears hic name.
Gaster's derivation is straightforwvard and cen de generalized to three dimensions with the result given
sbove in Eq. (2.32). It 1s escential to ncte that the Caster relation {e only an approximation that ia
valid for small amplification rates. Within the approzisation, the frequercy and wavenusber of the
spatial vave are the 4880 as for Jhe tesporal wave. If we use the complex group veloocity {in the adove
derivation, we arrive st the separate transforsationa for constant frequency and conataant wvavenusber
obtained by Nayfeh and Padhye (1379) from another point of view. In this approach, I. (2.32) oorresponds
to a transformation of oonstant wavenumber,

We can also make use of E§. (2.32) to arrive at a useful result for spstial waves. The same argusent
that led to Rq. (2.32) alsn applies to a ocomponment of the grov) velocity. Therefors,

~(3), - /Coo0a(: =), (2.33)
*
where ~( 1, )- is the spatial amplification rate in the arditrary direotion .. ‘The quantity tp 18 the real
part of tl‘n'«-pln group velocity angle & defined by
Cg#wCoos: , CosCasin: , (2.38)

where C' and C_ are the complex 31 and x ocosponents of é, and C ia the ocosplex magnitude of C. Klisinating
-4/Cp br B (!.32). we srrive at

G v () gloonte - i) (2.35)

Tuia relation, whiok may appear ratber obvious, ia not a general relation valid for two arditrary anglea.
It 18 only valid vhen one of the tvo angles ta .. VWhen both angles are arbitrary, a more complicated
relatios exista and bas “een derived dy Nayfeh and Padhye (1979). There is als0 a amsll change in
unless the group-veicelity angle {2 real. Ve might close this sudject by noting that while the varicue
Nayfeb-Pedhye transforsat’on forsulas use the ocosmplex group-velocity, they toc are nmot exsot decawse the
grovp velooity is cossidsred to be onnmstaat ia the tramaforsatioa Ve recocasend 1o the intereeted resder
Lo exanine the instructive muserical ezasples givea by Nayfeh sad Padhye,

2.4 DMeductica to fourth-oréer systes

Squatioes (L.7) comstitute a aixth~erder syetea for the veriadles §, ¥, 6, §, D8, DO, as can be shove
by rewritiag thenm as six firat-order equations., THis systes say de reduced to fourth order for tae
doterminstion cf efgenvalues. Ose approash is to sultiply Bq. (2.7a) by : ant Bq. (2.7c) by - and add,
and thea sultipiy Bq. (2.7.) by : and Bq. (2.Ta) by . and sudtraet, to arrive at the following system of
squations fer the variables .04, 0, -8, and Bt

TR L R g R I L R N L S DL (2.38a)
1omu= 3t o 0hoe ) (02 - G2, (2.368)
1Bt J b bo (Du=B0it o | (07 - LIeD))( 00, (2.3e)
TR % VI I (2.36)

uheore 8qs. (2.70) and (2.7¢) bave >a08 Guplicatod for convenionse as Bqs. (2.340) and (2.36¢). The peint
te nete fo that Eqo. (2.386a), (2.300) add (2.384) are s feurid-order systen for Lhe dopondsatl veriables
decl, § and b The fourid varisble of thic spsten 1o 08 D8. The Gopendent varisbie ;f<cl appoars saly
1a Ba. (2.3%¢). Therefore, we may doternine the oigeavalues fred the fewrth-order sysiss, asné if
subseyusetly the cigeafuastions § ant § are aseded, ey are ohlalned My selving Lbe sescni-erder eguaties
"a”‘)-

2.80.1 Tremsfermstiicas Lo I8 equatlioas - temperal theery

The adove equations are 1xe 0nee Lhat we will wse, but tacy aloe offer a banis te diseuse seac
trasafernsiions that Bave boes usad $u Lhe past. 1If ) and : are real, whe isterprelalies of the
squstions 18 evidest. Myuatica (2.34a) 13 the scnestiuva eguaiipe 18 e direstien perallel o ant By
(2.36¢) 10 Lthe penentug oqsaticn 18 the ¢irestion sernal Lo & 10 the 5,8 plans. Ingeed, 1€ we use the
treasferesiions




Ue Berw , We WU, (2.37)
wesalernt wwe 1@ -0, (2.37b)
24,242 (2.370)
and leave ., R, ¥ and € unchenged, Bgs. (2.36) decome
TR T I (Lt I (2.38¢)
1010~ )¢ e Dp e, (07 -2, (2.380)
1010 Jw o VO o 2 -2, (2.380)
tiue D00 . {2.384)

These tranaforaed equations sre of the fora of Bqe. (2.7) for s two-dimensional weva (3s0) in 8 tvo-
disensional boundery leyer (¥Vs0) except for the presence of Eq. (2.380). W¥We may observe froas Bq. (2.70)
that even with =0, a § velooity component will exist whenever there is s ¥V beosuse of the vortioity
produotion term DVWY,

Thus in s 3D doundary layer with velocity profiles (C,¥) et Reynolds nuaber B, the eigenvaluse of an
oblique LamADACLAL weve osn be Obtsined from the sigenvalues of a 2D vave of the same frequency 1o ¢ 2D
boundsry layer st the same Reynolds sumbder with the velooity profile of the 31D beundary lsyer i the
direction of the vavesumbder veotor. The key result that it is the lstter velocity profile that goverss
the 1natsbility ves obtained by Stuert [Gregory et al. (1955)]) f1a his clsssio atudy of the stability of
three-dimensional boundary layers, snd dy uan end Lism {1959) [see also Lia {1955)) in their study of the
stedbility of onmpressible doundary lagera. Ve shall refer to this veloefty profile as the directional

profile.

A sligbtly different transformation vas employed by Squire (1933) sad bears his name. 3quire's
original trensformaticn was for a 2D boundary layer and the Orr-Sommerfeld equation (see Sectioer 2.5.1),
but a generslizaetion valid for a 3D boundary layer is

VeUeWiten, , Ws¥-Ucta, , (2.39)
us 8¢ tan. , ved-0tan |, (2.399)
ve e [ e, Bea (2.390)
e L e ew . (2.3%¢)

Vhen Eqe. (2.39) are sudatituted fste BQa. (2.36), the resultsat equations are the osme ad Bqs. (2.38)
oxcept thotl -, B, ¢ ond § sre replsced ¥y the correspondiag tilde quantities. Thus the tramsformed
equations, ezoept for the ¥ equation which ¢oes mot eater the eigeavaiue prodles, sre agais iz 2D feram,
byl aow the Beysolds sumbder has 8130 deen tressforsed Lo the mew ecordisate aystea. This traasforsatioce
relates the olgeavaluee of as oblique Lamaaral veve of fregqueasy . 1is & 3D bowadary layer with velooity
profiles {U,¥) at Beynolds ausbder B 10 ¢ 20 wave ¢f frequeney -/cos §8 8 2D boundary layer st Reyaolids
susber Beee. with veloeity profile UsWtan,. It cas be fsterpreted as the sa80 retatioca of seerdisat s as
1a the transforsstion of By. (2.37) plus the redefiaitios of ibe Pefercace velesity fres U) te Ujeess.

For s 3D bondary layer, the gesoralised Squire transforastion 18 serely s €iffereat vay of doing
whatl has slreedy been acccaplished ¥y UBqs, (2.)6). Nowever, for s twe-dimeasionsl deundary layer (¥e0),
vhieh vas the cade cotsidered by Muire, U ¢ U and the dineasionlese velositly profile 15 unshanged by the
trensfersstioa This sesss thet Bunerical stability results for shligue tempors] vaves ses famediately
odtalaed frea kmiws results for 2D veves §5 the same veloeily prefile. Purthersere, since 8 ¢ Rooe., the
snalilest Doyscide nusber at valeh 8 weve of say frequeney kedeses wastadle {ainiswn eritjcal Seymslds
twaber) uwst alvays seouwr for ¢ 2D weve. This (s the selodreted Iquire theoresw. It spplies oaly te the
siainue eritieal Boyacida muader and a2t (0 e oritical Beyaside cunber of 3 partioular frequensy, fer
whioh fastadility say vell eeour firet feor st eblique vave, It should alee e 20ted that the theores
applios ealy te ¢ self-sinilar dountary layer vhere the valocity prefils §s tatepeadent of A

2.4,2 Tremaforustions Lo 2D egua‘lons - spetial Lheery

Yhea : sad ¢ ore souplez, 100 1sterpretation of the tranafere~’"108 equations (2.]7) oo & retatios
of coordimates 10 leet, Docouss the trensfursed velseitly prefiles are mepies. There 1o oae easeplion,
bowever. Ia gearel, Lhe guaatity :/:, vhieh fer o Legparel weve 15 csey, 15 casples. m{ ll‘:z&-
W e AL $8 1f the spatial anpiifiesties rets veeter (o parallel 1o LDe waveaunder veeter, 1/ils 1
real ond oqual te ¢esi. Thee 1t veuld appear Lhat the oligoavalues of o spalial vave seuld etill b
seleuisted froa L1he 2D equations (o Lhe t1lée ceordinates. Uafortuaately, this expeetation 1o ast
correoot. Whea :and : ore resl,

TIEY " TIN (2.80)
bt there 18 o0 justification For applyiag Be. (2.30) separatealy te the reosl and laaglnery parts of o
csaples : whea /1 15 csmples, Ve are sbls, Dewever, 36 derive the corvesi tressfermatise rule frvs Ny,
{2.39). ¥ith voy sd ‘l‘ L] (“,“

(oylg o=y oeelr-s,) , (2.8%)

ant with s 0 §,




19

- (-11)‘/oo|:r . (2.81b)
Rliainating (- !‘)‘. we obtain

=y v -y oon(- ~:.)eont, . (2.810)

Convequently, Eq. (2.80) can be used for :, only when the real part of the group-velooity angle 1a zero.
There ia also a saall shift in the vn-m&or veotor whensver by ¢ 0.

An slternative procedure for apatial weves fa to use the equations that result frgs the
transforaations of Eq. (2.39), dut to not invols Eq. (2.80) when 1/:1s cosplex. The quantities R and .
are domplex, as are 0 aid ¥ for » 3D boundary layer, but this causes no diffioulty in s nusericsl
solution, Such a procedure, whiah asounts to a generalised cosplex Squire tranaforsation, was
inocorporated into the JPL viacous stability code VSTAWYS?. The approsch with RBqa. (2.36), which has the
advantage that no tranaformations are needed in deterasining the ejgenvalyes, i» used in the never JPL
stability codee VSTAB/3D, VSTAR/AF and SPREQ/EV. It should be ~oted that even in the spatial theory, the
goveraing real velocity profile 1is the profile ir the direotica of %

2.% 3pecial foree of the stadility equations
2.5.1 Orr-Sommerfeld equation

A aingle fourth-order equation can de derived from Egs. (2.36) by eliminating 10+.@ from K. (2.36a)
by {2.33d), and, after differentiation elimicating Df by (2.36d). The result ise

(17 = (:20.2)120 o 40 (00w )02 = (120:0)) o ( DPUecDPN): S (2.82)
with the bdoundary ocoaditions
%(0) = 0, 0) = 0,
®y) * o, DA(y) "0 asy- - . (2.83)

¥hen Wsl, Bq. (2.82) reduces to the equation for a 2D bouadary layer obtatned dy Squire (1933). When &(n
sdditioa 0,

(0 - D200 (o= )D? - 1Y) - PPN . (2.48)

Tais 18 Lhe Orr-Sommerfeld equatiorn and §s the basis for most of the work that hes been dome i2
incoapreasib.e stadility theory. It is often derived fros the vortieity squation, im whiok case ? i3 the
viguafuastioa of the streas fumetien The Orr-Scamerfeld esquatiosn 1a valid for s two-diseasions) wave {a
a two-disensionsl beuadary layer. However, Lhe gemsralised 3quire treamaforsstiea, Bg. (2.39), recusse the
3D equation (2.82) to Bq. (2.48) in the tilde ceordimates. Consequently, for 3D dousdary layers sll
chlique temporal vaves can be obtaised by sclviag » 20 prodies for the rescrsalised veloeity profile in
the direction of the wavenumsbder veolor, and when the boundary layer 1s tvo-disensjenal, fer the sase
velocity profile. The " Orr-Somperfeld equatioa and tke same tramsforuation can also de used for spstial
odlique waves, but 1r 1s cosse B 18 complen, and for a )Y boundary layer so is U. The faviscid foru of
the coaylex Squire sforastiea ves weed by Canter and favey (1948) for as usbousded 2D shear flow, and
the ceamplete viac fore by Caster (1979) for a Blasius bouddary liyer. Vhea ome ia 2ol tryiag to malke
use of previocu: osputed tvo-dimensional eigeavalues, it 15 perhaps esinpler to use Bq. (2.42) teo
caloulate 3D o values a8 meoded, thus avoidiang traniforsations 5a B and ..

2.5.2 3ystem of liret-erder equatiocas

There are a suaber of stadility prodlens thal casset do reduced te a fosrtheordsr systes, and
Werefore are avt goversad dy Lhe Orr-Joanerfsid equetioa 4 sore flezidle approsch ia o werk frea lhe
outlset vwilh o ayatea of firet-erder eguatiocss. Vith the dafliattiiecas

‘,l\‘.".‘:l suo.u,!’-',l‘nﬁ,

o M- 8,3, 0.0, (2.88)

8o, (2.34) ean o written as 613 firet-erder squatioas:
w2, (2.00)
Ly o [+de Zoin( ive W= ) )2, o B0 Wity e e, (2.,000)
I, o ~13y , (2.0%e)
B2y ¢ ~iUnly - [1Becda) o Gleim) gy, (2.00)
L YOI P (2.%e)
08y o Lo-BwinRye [2erdesntizan 0y, . (2.0

The dousdary contitices are
300) a0, O)ee, LlO)eo ,
Lty -0, iy} - 0, iy) - Gesy--. (2.07)

et
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The fact that the firat four of Eqs. (2.86) do mot oontain ts or ¢ oconfirma that eigenvalues can be
obtained from » fourth-order system even though the stability squetions oonatitute a aixth-order systea.
It 1s only the detersination of all the eigeafunctions that requires the solution of the full sizth-order
system. The adbove formulation 1s applicable when « and - are complex as well 83 reul, and to 3D as well
ss 2D boundary layers. Only the transformstions of Bq. (2.37d) enter in this formulstion, and thea only
in the definitions of the dependent variadbles I,, I.t. k and l& No transformastions are involved in the
determination of the eigenvalues. Another polut o nbte 18 that only the first derivatives of Uand ¥
appear in Bge. (2.46) instead of the senond derivativea which are present in the Orr-Scamerfeld squation,

2:5.3 Uniform mean flow

In the freestream, the mean flowv (s unifors and £qs. (2.86) have constant oceffioients. Tharefors,
the aclutions are of the fora

z(ﬂ)(,) . ‘(l).q(Ai,) R (1s1,6) , (2.38)

whet» the l(” are the six-ocomporent solulion vectors, tho ‘y are the ckaractertistic vrﬂuo {the tura
eiginvalue 1 reaerved for the :, , . wh.oh satiafy the disparsion rejstion), and the A srs the nix-
cosponanl charscteriatic vectors {not to de confuard with the vave smplilude A in Eq. (2.12)). The
charsoteristic values ocour in pairs, and are easily found to be

N2t sy (2.%9a)
3 0 et ey - V2, (2.480)
‘8,6 % 3, o)

where U, and ¥, sre the freestrean values of U(y) and ¥(y). Only “o upper signe aatiesfy the boundary
conditions at ¥ © . The compoments of the charscteriatic vector A( are

L M (2.508)
AL TR (2.500)
ey, (2.500)
R (PR R VL LA (2.504)
Af’” .0, li” 0. (2.500, )

For real :,:  and . thia aclution 1s the limearized potential flov over a vavy wall moviag ia the
eirection of the vavedumber veotor with the phase velosity ./k It esn Do ocalled the imvijzeid solutioa.
although this desigastioa 15 velid oaly is the fresstresas.

The compomeats of the sharsoteristic veetor l(l) are

M., (2.418)
Ty P T R S S AL (2.919)
R VLA T T R P L (2.310)
Va0, Mo, V.o, (2.514,0,0)

This selulicn reprosesnts & viseous weve aad oad b called the (iret vizeous selutiea.

The eharacteriestic vestor A(” 15 & socond visesus deluiiva, and LLs canpoastts are

%00, a0, (2.520,4)
a0, Y0, £2.92¢,4)
Al e, (2.92¢)
TULLITI PLIE T TR IR S AL (2.320)

Tie three liasarly iatepeadect seivtiess 811, oY) sag a3 ore e By 20 toe sumerteal setded Lrat we
will w8e 10 odlais We oipsavalues. a0 hay provide 1he iaitial sentitisas for Lhe mmmerisal Li.egretien

¥, cas 23acrve Lisl tds voeond viseous nejutict 000 2169 Do vallid S Lhe duubdary layper Ad & pwie
0068 4f 34, 2y 828 I, \ro ali aore. TRLS fellevs Tres Bqs. {2.84). Ia the setaties of B4. (2.370), the
oaly :u-ur) flaw vailable, 1s 1u, vhere 10 the teaporal Lheory v 18 Lo slgenlfunetien of the
fivetuation valeeily sereal o Bul alsee e 2u/:8 = Ju/ i 18 Lhe Tlucinatiise vertielly conponssi
sareal to the wall, l,uuu-a&.unn’,umwudn. Tals 1 Nerpretation 10 valis fee
Sots the tenperel oas 3atlal eerten The aigrasclviisns of Lhe sessad-order wualies (261 with .

vere firel cenifered ¥ quire (19310, eat vere preves 07 Ala 40 Do aluage stadla Decestly 1t wes sbwa
by Sartert (19834,19030) that the Bguire modes previds e
1a0tability ot lsw, ut fiaite, anplitedss of & pridery 20 Lastadility weve

E
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2.6 Wave propagation i @ growving boundary layer

We Rave already discusaed some aspects of this problea {a 3Section 2.2, snd we have chcsen to use the
quasi-parallel rather than the noa-parsllel theory, In the quasi-parsllel thsory, the norzsl-mode
solutions sre of tha fora

u(x,y,8,t) = &0(y;x)enp{17(n,y,s,t)] , (2.%3)

with siuilar expressions for the other flow varizbles. The slowly varying amplitude A(x) of the non-
parallel solution Eq. (2.12) has besn sel equal to the oonstant Ay snd

X
i1 {R.3,t) -jn(n)dn . .'(li)l - .(l‘)l o (2.58)

gqustion (2.54) is the same a3 EB3. (2.13). Ve have left. and . as functions of the slow scals xy 13
order to make it clear that )/ 'z = 1, just as for striotly parallel flov., Tha eigervalues :,- and .
satiefy tha looal dispersion relation Bq. (2.1%), and the eigenfunotion G(y;x) 1s also a slowly varying
funotion of 2. Conseguently, at eaoh z a different eigenvalue prodblem bas to be aoclved dbecause of Lhe
change in the doundary-layer thiokasss, or velooitly profiles, or, as is usually the case, both, The
probles we must resolve iz how to "connedt® the possidle eigenvalues at each x 50 that they represent s
contiauous wave train propagating through the growing boundary layer.

In a steady doundary layer, whioh is the only kind that we shall oconsider, the dimeasional frequency
of a sormsl mode ia constant. For & 2D wave in & 2D boundary layer, . = 0, and the complex wavesumber :
1in the 3ypatial theory, or the resl wavenumbder : and the tmaginary part of the frequeacy ., in the
‘enporal theory, are obtained as aigeavalues for the jocel bDoundary-layer profiles. The oaly problea here
1s the relstively minor ode of caletlating the wave amplitude as a function of x from the ampliffostion
rate, and we shall discuss this in Section 2.6.2.

2.6.1 Spanvise vavenumber

¥hen the wave s odbligue, 4 0, and it 158 nc3 obvious how to proceed, Aceording to the dispersion
relation, : is a function of - ss vell as of 2, How 40 we choose . at each x? The saswer is provided
by the same procedure as used 1n coBeervative wave theory. Vhen we differentiste By. (2.58) witk respect
to z (not x,) and 2, ve odtain

v (2.9%)
e ok, (2.5%9)

where ..c 1s the QQERIAR Yeotor wavenumber. Thus it follows direetly that

kg0, (2.%%)

snd k, 1a irrotatiosal. This coaditica is & gonarslisstiona Lo a moacoaservetive systes of the welleksows
result for the rsal waveruaber vector ia comsarvative kinsgatiec vave theoey.

In the doundary layers we will cosaiéur here, Lhe aean flov 15 Lndependeat of 5. Coasequeatly, if we
restrict ourselves to spatial wives of esastamt - ot the iaitial 2, thay ean be repressated ¥y s agle
20rRal 8060 Seceuse the sigeavalus : vwill alse e {adependact of 3. Therefere, according to Ig. (2.38J)
the sought~after Sawaetreem ooadition o ' §s

o const, (2.96)
One caution 13 that If the reference lesgth L' is iteslf & fuaetion of 3, ¥ L] it will de if I.. o °C fer
example, the arsusent had te be zlightly medifted and 8q. (2.56) refers te rether thas te .

It st1ll remalas to speeify the §aitla} value of . . Batlurally ccowurring i1natadility wvaves L2 a
boundary layor will de s superpcaitien of rorasl nedes, vwilh s apeetrus over both . aad : that will
depond o8 the partieulsar origia of the vaves. It ia predadly ealy (o a sontrelled euperinest wilh »
suiltable wavenaber thet & sitgle cersil 0ede st e Seited. Per ssanple, the vidreling ridiea firs! weed
by Schubever and Skrsastad (1947) 1 thair eclodrated exporinest eseilss a spatianl 2D sersal sede vwilh the
froqueasy of the ridder It 15 0lse pooatibio o conesive of vevenaslsre that assite alngle chliqus mersel
80408 15 doundary layers vhich are fadepeadont 27 3, Sued sersal sedes will have as iasital - s VOi0R
Batahes thetl of the vaveasker, and, 1002406 Lhe VAVO ¢aa grov o8ly la 5, the 1nitial -, auat de ers.
Thass sorsal 9edes are vell-suited for wee 1a 0ta8ility ca’eulatisns for Lhe erlinetien of lesation of
transition. I8 the salaviations, ' 10 sasigned 80 ¢ paraseter, 18 sors, 284 Bq. (2.94) osvatrela the
m-nnuu.luuo(.—'. mw;tfwmmnm sieal waves Lhat 088 Vo preguecd by
a suitadle vaveasher, Dut Lhey are aloe deaveniont Lo use 15 all saleulations of aorsel sedes, soek ad
trensitise predietien, vhere ve e 10tereeted 15 Lhe largeel possidle grewth of asy mereal oeds, o ke
pist-soures salionlaticns of Seetios 1. la sarlise wverk o0 tve-diBetsionsl jlaser Seountary layers, smae
results fros whieh will appear 1o later Sedtianes, 100 sngle ¢« was egB &8 2D jeraseter Lo Bald
*202La0¢, Fatder L3as 1, 08 130 vavs Srepagaias S2vAZirean. 4liheugh y 30 80arly conateat 1% anch
Seshiary lagars, 1 chongss onvgh 00 thal 106 waoumPliss o Sesalast ., Jr oot wquiveiend ta By (2.54).
1a the wert o8 Wres-4igommismal bouninry layese pressated iu Destisns 1) and 18, By (2.98) 1o applied te
i opaitnise wovemmmders, dut the direstiss of the spatial 2aplifisstiicn rete ia olther parellel te We
leeal prtemtial fiew, ar, sosnsiomlly, (5 the Cirestien of the real part of the growp-velesity engle.

3.6.2 Sene weelul ferwilms




"

L' e x'/ul‘(:'n"? . (2.57)

which 1o the ususl length acsle of the Falkner-Sksn faaily of boundary layers, and of asay ronsisilar
boundary-layer solutions, Other length scales that have been used are the boundary layer thickness, the
displacement thioknees, and the iaverse unit Reynolds nuabdber. The velooity scsle is Uy (x ), the looal
velooity at the edge of the doundsry layer, VWith these ohoices, the Reynolds nusber in the stability
equations is

R HE S W N T WS UL SUL (2.58)
The disensionless coordinate normal to the wsell,
yo (s 2, (2.59)
is the usual independent varisble of doundary-layer theory.

The dimensionlesa quantities u, 5, w, R and y referenced to L. may be converted to other length
sgales, such as dieplacesent or momentus thickness, by sultiplying by the dimensionless (with respect to
L") dieplacesent or somentus thickness. The latter quantities are slmost always cobtained &s part of »
boundary-layer ul‘ul‘uon. To convert 2, ! sud . to dimensionless quantities based on the inverse unit
leynolds nusber - /ul. it is only necessary to divide 2,8and .. by R.

The dimensional circular frequency '.u' of s normal mode is oonstant as the wave travels downstreas,
but the dimensionless frequency

TN ] (2.59)
is a function of x. It has become almost etandard to use
re.. 'l (2.60)

in place of . se the dimensionless frequency, However, I is slso s funotion of x for anything dut a
flat-plate boundary layer. For the Falkner-Skan fasily of velooity profiles, the disensionless velooity
gradient,

» e (x*/0d)e0]/a’) (2.61)

10 oconstant and relsted tc the usual Hartree paramester 'Y (the subsoript h is used to avoid oonfusion with
the wavi.susber oomponent ), by

‘v 2/ (met) (2.62)
The variadle dimensionless frequency for oconatant O is
P(R) o P(Rg) (Ry/m)MW (1) (2.63)

where R, 18 the Reynolds nusbder at the initisl x station. Wheo s stadility code can handle several
frequencles at onos, it ia more cosvenieat to use some [ixed velooity as the reference velocity 20 that F
will remain comstaat for each frequency. For the nossimilar boundary layers on sirfoils, the JPL
stability oodes use the velocity ia the undisturbed {reestrean.

vith L. s funetion of l.. the frrotationality comdition Bq. (2.56) applies ‘o the dimensiosnal
spanwise vaveaumbder. For the Falimer-8Skan fasily, the dimensionless - for comstant ¢ ia givea by

F(R/E(RG) o (WRg)(1-8)/(108) (2.60)

¥g mote that for a Blasius boundary layer (@e0), : inoreases linearly with . The dimeasiocsal vavesumber
1, is almost, but mot quite, ocoastast, decause there i» a small fncrysse 18 the phase veloeity with
iooreasing A As & resull, the wave csagle : JAGCSASAA A8 the wave travels dowastreas. This inoreass {s
st moat a few degrees for a plamar douadary layer, lNowever, ch sa sxisyasmetrie body, it ‘h the
reunfereatial veveouabder par rediaa that is comstant. Thus, meglectiag the small decresse iaa_, tans
18 iaverae.y proportionsl to the radivs. For iastance, on a cone, vhers the redius ia uenurn(. an
obligque wvave 1s rapidly comverted Lo & mearly 2D wave as it travels dovastrean; o2 & body vwith decreasing
redius, the effect ia reversed.

2.6.] Nave smpliitude

Is the quasi-parsllel theory, the amplituée ratio of s spetisl acrmal mode of frequency .a' with ig &
0 1a obtalael from the imaginary part of the phase Mxﬂ:l.. (2.5

18(a/ag) » - f' Jat (2.68)
l.
)

12 aceord with Bq. (1.11).. Ionh ia t'o anplitude ot the iaitial otatlioa l;. and the fategral
evaluated with oonstant . and 7 . If 1, La the a‘nt of the 1aatadilitly region for the frequensy . ,
1n{8/4,) 18 the B facter that o the bnlot of the o sethod of transition predisticn. As discvased in
Seetioh 2.2, 4 say represesnt any flow varisdle at say 7y lesation. It say be helpful to thiak of A as,
asy, ihe saxinus velue of .a,in the boundary layer, as this 1s a quantity that cas de determined

1y. Aleag with the anplitude, the tise-independest phase ~elative to the imitial phase at
Torho 19

]
?
«(x) = 1 (xg) -‘&B:ﬁ. o8 el . (2.66)




The phase is & vital quantity in superposition caloulstions (Section 7), but ot! srwise it 1s usually not
oomputed,

B
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Por the Falkner-Skan femily, the amplitude rstio in terms of R is

#

R
*o
vhere the integrand i, 18 csiculated ss an eigenvalue with the F of Iq. (2.63) and the £ of Bq. (2.68),
For a nooaimilar boundary layer, U)(x’) is not an anmalytioal funotion, and the integrstion has to be with
respsct to x . A formula that is used in the JPL astability codes ia

X

1a(a/4,) © =R, f {ogmulndies, , (2.68)
(xo)g
where i 1s based on 1 L'; 0: is the velocity of the undisturbded freestreas; x, is x'/c'. where o;

is the cho‘-d; l° ] “Jh“ is the full chord Reynolds number; snd the integral 1s again evaluated for
constant . and .

3. INCOMPRESSIBLE INVISCID THRORY
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The systea of first-order equations (2.86), or the Orr-Sommerfeld equation in either 2D or 3D form,
2q. (2.82) or (2.4%), governs the motion of linesr waves at finite Reynolds nusbers. With the highest
derivative of ¢ in the Orr-Somserfeld equation sultiplied by 1/}, which is usually a small quantity, it i»
apparent that msthematical and numerical sethods of some complexity are required to obdtain the eigenvalues
and eigenfunctions. On the other hand, if viscosity is oonsidered to act only in the establishment of the
mean flow, but to have s negligible effect on the instability wavea, the equations take on s such simpler
fora. PFor sexample, the 2D Orr-Somserfeld equation reduces Lo

[¢10~.)(D2=12) = D20J0 s 0 (3.1)

T I R T L AT e X

This 1s the fundsmenta] equation of the inviscid stability theory, and is usually referred to as the
Rayleigh equation. It is of second order and so only the two bdoundary oonditions

’(o) e 0, '(’)’ Qesy*~, {3.2)
can be satisfied., The normal velocity at the wall is zsro, bdut the no slip oondition is not satisfied.

The iuvisoid theory has dealt largely with 2D temporal wavea., Sinoe all of the essential ideas are
inoluded within this framework, we shall adopt tho same proocedure in thia Section, The Rayleigh equation
(3.1) nas & singularity st ya Yo where 1U s .. This aingularity is of great isportance in the theory,
and is oslled the oritiosl laysr, or critioal poiant, It does not ooour in the Orr-Sommerfeld equation,
but even so the Rsyleigh squstion 15 simpler to work with than the Orr-Somserfelé equation, and an
extensive inviscid stability theory has been developed over the past 100 yeara. The early vork was saialy
by Rayleigh (1880,18087,1092,1895,1913), dbut a great nusber of autbors have sade coatridutioas 1a more
recent times. An exosllent review of the subjeot say de found i the artiole by Drazin and Novard (1966..
Only those aspeots of the theory which are necsssary for a general understanding, and have relevence to
boundary-layer flows, will be tsken up in this Section, Ve aleo restrict ourselves to doundary layers
with monotonic velooity profiles. These profiles have only a single oritical layer. Ve defer until
section 12 the discussion of the important directional velooity profiles of 3D boundary layers which have
two oritical layers.

The 1avisoid theory hes been used for tvo purposes. Ome 1a to provide tvo of the four independent
solutions that are needed in the asymptotic viacous theory. The other 1s as an iaviscid stability theory
per se. Ve shall not discuss the ssymptotio theory, so it ia oaly the seoond use that in of interest
here. Not many numerical results have Peen worked out fros the invisoid theory for inoospressidle
boundary layers. MNowever, oas of the two chief instadility sechbanisss ia inviseid in matu~e, 80 that some
knowledge of the theory 1s essential for an understanding of boundary-layer imatadility. The pressatation
hare will also serve as 2 Deoessary preiude to ocoapressidle stability theory, where the inviseid theory
bas a larger role to play.

3.1 Iaflectiocnal imetadility
3.1.1 Some mathematioal results

There are & Dunder of general mathesstioal results that can be eatadiished {n the iaviseid theory, in
coatrast to the viscous theory where Pew such results are knowa, Ve shall give two which demcastrate that
no uastable or seutral teaporal vaves oan exist unless the veloeity profile has 8 point of inflestion.
The firet result conoerns usstable waves. If we sultiply B3 (3.1) by ¢, the complex comjugate of ¢, and
then sudtrsot the complex conjugste of the resultast equetion, we odtaia

De'ohot®) - 21070 03 W wieo. (3.3)
™he firet term of By. (3.3) can be sade sore meaningful by relatiag it to the Peymalds stress, vhieh, in
dimsasionless fors, 1s 2/

1 8 w(3/2¢)f we tx . (3.8)

0
17 we resall the neesseity of first taking the resl parts of u and v befere sultiplying, aad salke uee of
the suntimuity squetion, we obtaia

e P00 2, (3.3
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where (1/72); ¢ .aup (2mlt) has been replaced by ('2)' the average over ¢ vavelength of the equare of the
velooity lluotuation v,

®

Eq. (3.5) 18 @ epecial came of a formule derived by Foote end Lin (1950) [mee aleo Lin (1954,1955)].
B! When Eq. (3.5) is integrated from y = 0 to infinity, the Reynolds etrese et the wall and in the fresstream
ie zero by the boundary conditions. Thersfore, einoe D20 « 0 1n the freeotrean,

%
u‘f«v?m?u/,qo -wi)dyeo0, (2.6)
0

where y.ie the dimensionlese boundary-layer thickness. It follows froa Bq. (3.6; that if Wy 40, p?U sust
change eign somewhere in the interval 0<y<y,. Consequently, it has been proven that the velooity profile
sust have a point of infleotion for there to be an unetadble wave. Thie reeult wae firet odbtained by
Rayleigh. Later, Pjortoft (1950) strengthened Rayleigh's necesssry oondition to pu(U-U_) < O ecmewhere
in the flow, where U_ is the mean velooity at the inflection point, Thie condition !o equivalent to
requiring that the of DU bave a maximum for there to be instability. It ie alwaye satisfied in a
boundary layer witn an inflection point, because DU * 0 as y+ = and | DU cannot only have ¢ sinfimum. It
was eudsequently proven by Tollmien (1335) t for most of the profilee whioh coour 4in boundary layere,
including 3D boundary layers, the condition DU = 0 is also eufficieat. Another result of Mayleigh, for
whioh the proof will not be given, sstabliehed that the phase velosity of an unetable wave slwaye liee
between the maximus and sinimsum vaiues of U. Thie reeult was later gsneralized by Boward (1961) into an
elegant semicircle theorem which relates both ../1 and .4/ to the saximua and sinigus values of U,

JIeRts o)
&

The second reeult concerns neutral wevee. It followe from Rq. {3.5) that with «,; s 0, the Reynolde
stress sust be conatant everywhere exospt for a possidlas disocontinuity at the oritical layer Yo When Rg.
(3.5) 1e integreted acroes the boundery layer, the only oontridutica to the integral comade fros the
immediate neighborhood of y,. Hence,

U(ch))
1(7400) - 1(y,=0) s = (020/D0) <v2> 11m {.jll(nv-,r)2+ui]}dﬂ. (3.7)
wy*0 Uy -0

The integration variadle has becn changed from y to U. In the limit of wy® 0, the integrand of Eq. (3.7)
acts as a delta function, and the intgegral has a value of "/ Consequently,

* 1(yy#0) -1 (y,-0) = (’/‘1)(028/D0)°<v°2>. (3.8)

Sinoce ! "a‘°) and !(10-0) are both sero by the boundery oconditions, l)zll° muet also be zero, and it hae
been proven that a wvave of neutral stability ocan exiet only vhen the velooity profile hae 8 point of
inflection, Purthersocre, .. /: s uu snd the pheees velooity of & neutral warve ie eque) to the meamn
veloo ty at the inflection pofnt..

The chief analytical feature of the Rayleigh equation (3.1) ie the singularity atul s .. Since. 1s
in gonersl complex, 30 18 ¥, Of ocourse the mean velocity U is real in the physiocal probles, but it say
be analytiocally ocontinued onto the complex plane by & powar-series expansion of U or by some otber gethod.
Two spprosches to odtaining analytioal eclutions of the invisoid equation are the power series ina“ used
by Neisenberg (1928) and Lin (1945), and the method of Frobeniue ueed dy Tollmien (1929). The two
J eclutions odtained dy Tollmien are

Y (1) = (yey )Py (r=yy) (3.9a)
4, (0) = Pyly=yg) o (DP0/D0) (yey )Py (=1, ) 08 r-T,) , (3.9b)
Py(reyy) o 1 o (DP0/200) (ye7,) o (1/6)(D30/DU), o 12 )(pe3p)? o ...,

(3.10)
Pylrer,) = 1 o L(DP0r200), - (DP0roud), o (1V212)(pey)? o ...

The firet sclution 1s regular, bt 'z is mot in gesersl regular near Yo becruse of the logarithaio ters.
Nowever, for & meutral wave DU, ie sero, and in thie obe case ¥, 1o also reguler.

To sumsariae what we have leerned in this eeotion, for a velooity profile without an iaflection
point, (e.g., the Blasius boundary layer), there can be neither unstable aor seutral wvaves (save for the
trivial soiution .s 0, . » 0), Vhen there 18 an §nfleotion poiat, & asutral wave with a phase veloeity

/ egual to the mean velooity et the iaflection point can exiet, ead ir boundary layers uastadle wvaves with
phane velocities dDetwesn O and 1 cam and will exist,

3.1.2 Paysieal iaterpretations

The sathenationl theory 18 wvadlets 1a itself, and with the use of the Beyaclds otresd alee nakes the
phyeical cenaaqueneds of an fafleation poiat clesr. However, there have boen siteapte to forsulats
' physicel argumeats that in some sanser Mring is the ooacept of magative stiffaces, whieh 1is the way ia
whioch o8e weually thiaks about usstadle vave moticns. The first of these wasd by Taylor (1913), and
appeare! &3 aa addendua L0 ¢ BAJOr peper 13 whieh he developed his vertieity trensafer thoory. le applied
this theory to iviag o expression for the vertieal tramsfer of disturdanee scseadtun, viieh iasedistely
shoved that if in of the eeme aign everyvhere, the disturbasce sesestus %8 oAlYy or deereans
everywbere, & situatica jsecapatible with the iaviseid boundary ceaditions. Hewever, if changss aiga,
then Jomentud sas de transferred from oae plase to anether witheut affseting the btoundaries, thus
paraitting instedility. Later arguacate mndée uoe of vertieity concepts, 7The sest detatled is dy Lin
(1935,1995), and .s supperted by o coasiderable mathemetical dovelepaent. Lighthill (1963, p 92) gives i
s very belpful pressstatios -:ih three diagrems, aad finally G111 (1963) Mas ecsaotrueted an argumest that
sabkes wee of Lelvis's (1080) cat'e aye diagres of the stresalines ia the vieinity of aa iaflestisn peimt
to depoastrate that ealy & maxiswe ia DU cca esuse 1astability. All of these preseatations are werth
sarefwl study.
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3.2 Numerical integration

The analytical methods are not sdequate for produoing aumerical solutions of the Rayleigh equation
except in oertain special csses. Only direot nuaeriosl integration of Eq. (3.1) oan produce solutions
acourstely and quickly for the great variety of velooity profiles enoountered in practice. Thers ars at
lesst two methods svailsble. In the first, which waa developed by Conte and Miles (1959), the integrstion
is restrioted to the real axis snd i3 ocarried past the oritiocal point by the Tollaisn solutions. 1In the
seoond method, which wes dsveloped by Zsst (1958), the solution is produced entirely by aumerioal
integration, snd the oritioal point 1is svoided dy use of an indented contour in ths complex plane., It &s
As e8sy to perform the nuserical intsgrstion along suchk a contour ss along the real sxis, provided the
analytic ocontinuation of U sway from the real axis is availsble. This approsch, except for s difference
in the method of analytio continuvation, was used by Mack (196%5a) to integrate ths compressidls inviscid
equations. It was lster extendsd to incomprsssible flow, sad is i1ncorporated into the JPL invisoid
stability code ISTAA

For numeriosl integration, Bq. {(3.1) is replaced by the two first-order equations for ¢ and § which
follow from Egs. (2.30) whea R * ~:

D8 s [ /(a0 - w))(DUPessB) , (3.11a)
Df o =1(ul-.)¢ , (3.118)

The solutions in the freestream, where U s 1 and DU = 0, are
¢ s expl- uy) , (3.12a)
B = ~t(teu/n)oxpl=2y] , (3.12%)

where we have ohosen the normalization to agree with Egs. (2.50). These expressions provide the initial
values for the nuaericsl integrstion to start at soms y = Yy >y For chosen vslues of « udur . L-»‘.
the integrstion proceeds fros yg to the wall slong the res. y niu and an indented rectangular contour
around the oritiocal point when necessary. The velooity U s continued on to the indented contour by a
power-series expension in y - Yoo The necessary derivatives of U are obtained from the boundary-layer
equations, A Newtom-Rephson sesroh procedure, in whioh any two of 21, u,, wy are perturded, is usszd to
f10d the eigervalues, Le., an : and u, + 1. for which the boundary ocondition #(0) » 0 1s satisfied. If
t 18 held oonataut, then the c;uohy-ﬁmu equations oan be used to elimimate one perturbetion because
the funotion .. (1) in the dispersion relstion is snalytie.

3.3 Mmplified and damped 1nvisoid vaves
3.3.1 Amplified and damped solutions as oamplex oonjugates

In the use of the inviscld theory ia the asymptotioc visoous theory, the ohoice of the branch of the
logarithm 1n Bq. ( 3.9d) constitutes a major prodlem. This same difficulty also shows up im the iavisoid
theory ftself, “ut in a much less odviocus msanner. 3ipoe DU > 0 for {he type of boundary layer we are
oconsidering in this Seotion, it follows that for an amplified wave (u‘ > 0) the oritical layer lies above
the resl y sxis [(y,), > O); for s dsmped wave (., < 0) 4t 1s below the r!n axgs [(y,)y < 0}, Pora
neutrsl wave (-, = 8). the oritical lsyer is os t2e real axis, but sizoe DU, = 0 the logarithaic tera
drops out of Iq.‘( 3.90) snd the solutfon is regular. With the oritioal layer located off the real axis
for aaplified and damped wavas, it would ssem that there 1s nothing to hinder iategration along the resl
axis. Indeed, it can de seen by sanipulating the 1nviscid equation (3.1) that £f 0,, * 1" 1s & BOlut:-n
for - o 4.4, thes #, - 1%, s a solution for ., ~ 1., Thus asplified asd damped solutions are complex
eonjugates, snd the existence of one finplies t‘o existence of the other, Froa this point of view, the
oriterion for inetability s that - 1is eomplex, and the oauly stability is asutral stability with . real.
31noe BG. (3.6) applies for ., < O ss well as for «, > 0, neither anplified aor damped vaves osn exist
uhless there s an infleetioca point. The Blasiue ‘onun layer hes no {afleetion point (exoept at y o
0}, and according to this argumeat mo iaviscid waves arc poesidle, asplified, damped or neutral (ezoept

for 10 0, - s 0}, But viseous sclutions certaialy exist; wbat bappess to these selutions im the limit as
Re-?

3.3.2 Mplified and domped solutions an R *-~ limit of vissous solutioas

The olarificatioa of Lhis poist 1s ¢ue te Lim (1943), who showed that if the iaviscid soluticms are
regarded as the infiaite Reynelda liuit of visoous selutions, a ecaaistest iaviseid theery eaa be
ocomstructed 1in whioh daaped soluticas szist that are ast the complex coajugates of amplified sclutiocas.
To achieve this result, istagratisa aloag the resl axis 1s adesdeasd for danped vavea, Iastead, the patd
of tategration is takes NAdAr the singularity Just as it 45 fer the 1aviseid s0lutions that are uaed i
the asyspiciie visesus theory, nlu(y-y.)-u;y-ym-hhryiy For damped wavcs, the offest
of viseesity is precest ovea (a the liait R - «, asd s completely unuﬁuhuuomu e valid aleag

the estire resl axia. Lis's argusests vere physical and hewristie, but a rigereus justification was gives
by Vasew (1948),

It 48 slao pesaibie to arrive at Lin's result fros a strietly munerieal appreash. In Seeties 3.2, ®e
acatien was nado of hov Lo 1péent the conteur of fategration. The twe posaidijities are shows 1a Pig.
3.1. For as inviseid sesutral selutien (. o 0), ¢ 1o purely imeginary and p 1s real. It sakes ae
differencs 17 the contour 1o indonted delovw the real axis, as 18 Fig. ).0a, or adeve, as 1a Fig. 3.1
The sane oigeavalue ; i odiained 1a sither case. If ., 4 0, the Lategration san be restristed to the
real exis. Novever, ualese o 0 scacwbhere i3 the layer, there are 0o amplifisd salutisas, or
thelr campiex econjugates the damped salutions, Bwt Lf we contour (o) for danped weves, aad eodtewr
(b) for amplified vaves, doth solutions sxist aves with D°0 ¢ C. Seae eigenvalues sonputed for the
Mn‘mv prefile are gives 1s Tadle 3.1, vhere the sipgeawaluss have been nade ¢imesaisicaless W
reforense to L™ (Mg, (2.97)], whieh eaters the faviseid prodies through the boundary=layer ainilarity

)
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variable y » y'/l.'. As can be verified from Eqa, (3.11), the sclutions withk «, - 1u, snd contour (a) sre
related to the solutions with w, ¢ iu; and oontour (b) by

o(a) 4 gola) , o(D) _ 49(d) |

pla) | gp(a) o _p(d) , 4p(®) (343)

Tabie 3.1 1Inviscid eigenvaluea of Blasius velocity profile
oomputed with indented contours.

Contour " op vy 2 10°
(a) 0.128 0.0333 -2.33
(b) 0.128 0.0333 2.33
(a) 0.180 0.0580 -6.80
(v) 0.180 0.0580 6.80

Whioh optioa do we plak, (a) or (b)? Since the peutrsl-atability curve for the Blasius profile ia of
the type shown in Pig. l.la, wvaves of all wavenusmbera are damped in the limit N - ~, Consequently, if the
inviscid solutions are required to be the R - ~ limit of visoous solutions, it ia evident that oontour (s)
sust be used, Jjust as 1in the asymptotic theory and in agreement with Lin. Vithout an inflection point,
thers are no inviacid aaplified solutions. For a velocity profile with DU = 0 at y , vhere the subsoript
s refera to the iafleotion point, dboth amplified and damped wavesa exist for nc‘ contour, unlike the

lasius case, The neutral wavenuaber is i, 8nd oan be obtained with either contour. With ocontour (s),
the vavenumbers of the asplified wavea are loocated below g 80d the vavenumbers of the damped vavea are
locsted above .} coatour (b) gives the opposite results. Comparison with the visoous neutral-stability
ourve, whioch {s of the type shown in Fig 1.1b, shows that ocontour (b) must be rejected in this case also.

The damped solutiona with contour 7a) do not exist everyvbare os the real axis. Aocording to Lin
(1955, p. 136), there 1a an iakaryal of the resl axia in the vioinity of the critiocsl layer where
viaocosity will alwaya bave an effeot even in the limit of R * =, and where the inviscid solution is not a
valid asymptotio approxisstion to the visoous sclution. In the finmal paragraph of his dook, Lin resarked
that in this interval the visoous solution has an cacillatory behsvior. Thia remsrk vas sounfiraed
analytioally by Tatsumi and Gotoh (1971), end verified numerfioally by Davey (1981) at aa extremely high
Reynolds number uaing the oospound matrix metbod,

As a Duseriosl exasple of damped inviscid eigeavaluea, Fig. 3.2 givea ~,, the temporal damping rate,
as & fuacation of 1 for the Blaajus veloaity profile. The caloulstion was torfonod slong -n indented
contour of type (s). The invisold damping rates are, for the most part, much larger than the visooua
amplificstion rstes. That damped iaviscid eigenvalues caloulated with a type (s) costour are the R -
limit of visoous eiysavalues vas confirmed nuseriocslly by Davey ia the peper mestiooed in the preceding
paragraph. For 1s 0,179, the junviascid eigenvalue 1s -/:» 0.32126-0.036711; the viscous eigenvalue
computed by Davey at R s 1 2 10" fa Vae 0,32166-0.036291,

V.  NUMERICAL TECHNIQUES
V) Types of methods

Sinoe the early 1960's, lae ssymptotie theories developed by Tollmien (1929) aad Lin (1945) bave been
largely superseded as s nesas of produeing sumerical results in favor of direct solutions of the goveraisng
aifferestial equatioas oa a digital computer. The numeriecal methods that have beea employed fall roughly
tato thres eategories: (1) fiaite-difference methoda, used first by Thomas (1953) in his plossering
nuserisal vork oa plase Poiseuille flow, asd later by Kurta (1961), Osborse (1967), asd Jordisson (1970),
ameag others; (2) spestral setheds, used first dy Oallagher and MNeresr (1962) for Cowette flovw with
Chsndrasekher asd Reid fusetions, and later improved dy Orssag (1971) with the use of Chebysheyv
polysomisla; and {3) shooting methods, used firat by Brova and Sayre (1958). A1) of these methods have
sdvantages and disadvantages whieh show uwp in speeialized situatioms, Dut they are all equally sb! to éo
the routine eigeavalwe ccaputations required ia trassitios-predietios saleulatioas. Nowever, a shooting
nothod has beeh used for almest all of the mumerical resulis given in the presest lectwres, and 1 fa thia
sethed that will o deserided bere,

8.2 besting setheds

After the sa”ly werk of Brewa (1958,1959,1960, 1961, 1962), ecuputer sedes fer doundary-layer
prodiess that vere 3150 based on sheoting Bethods wore develeped by Nachtshein (1963), Mask {1965a),
Londah) ent Zaplas (1965), Badhill sad Ves Driest (1964), Vassan, Olanurs and Saith (1968), Devey (1973),
and Cobect and Stovartses (1979), sscng ethere. MNeet of thess ¢odes selve the Orr-Seamerfeld eguation}
ezsoptions are the compressidle atability eede of Brews (1961), and the eodas of Neok (19654), whieh were
slse eriginally develeped fer compressible flev amd oaly later extended to isccmpressidle flew, Almoet
all of the esdis hsve the feature that the mumerical integratisa preseeds frem the frecsireas to thw vall.
The ex0apiions are tha sades of Brous and of Bashtscheisn (196)), vhere the 1ategration preceeds {n the
oppesite direstion [1a & latar repert on plane Pelseuille flov, Nashtshein (1961) used & Bothed that
tategretes 1a both direstises).

Yarious sategreters 2ave bees whed to Luplement the sheoting sethed, Ferhage the noat ¢smdel 15 00RO
forn of Lhe Ruage-Eutta nethed, dut the Adano-Noulten and Keller Moz aethed Dave alee boes uaed. Ome
cheiee that Bas to bo nade 15 vhethor 1o ¥eo & fined or varisble sted-aine iategrator. The latter fo
bettar 1a prinsiple, dut 1t adde $o the computationsl overbesd, and thus 1o the oxpeass, 4ad it nag b 0
Airfiouit to ovastruct a preger arver 008 and then ahesse the orrer 1imits a3 1t 15 to seleat the preper
fised step aina. It sust alse bs ressnbered that the varisdles staj-sise netheds ¢o met really adéress the
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right problem. Whst ws are intsrested in i{s a certain socuracy of ths sigenvalues and sigenfunotions, not
in the per=-step truncaticn srror of ths indepsudent solutions, whioch is what the vsriable step-size
methods oontrol, These methods seem to require more integration steps than fixed step-siss msthods, which
adds to the expense, snd the only compensation 18 to rslieve the user of ths need to select the step siss.
The JPL viscous stadility oodes have used a fixed step-aise fourth-order Munge-Kutta integrator for Zany
years without evsr encountering a problsa that required s variable step-siss integrator. A severe test of
any integrator is to ocaloulate ths disorete eigenvalue spectrum, because the higher visoous modes bavs
. rapidly oscillating sigenfunctions. The fixed stsp-sisze intsgrator had 1littls difficulty in caloulsting s
ouaber of additional teaporal modes for plane Poiseuille flow, and its ultimate failure in s portion of
ths complex ./:plane for Blseius flovw was caused by a round-off error probles that apparsntly osasot be
cured by any of the usual methods [Msok (1976), p. 501).

TR

) The early applications of shooting msthods suffered from the problem of perasitio error growth. This
growth arises becsuse of ths presence of a rapidly growing solution in the direction of integration that
is associated with ths large characteristioc value ', 4in the freestrsas, vhich the nuasriocal round-off
error will follow. Ths parasitic error eventually ocompletsly contaminates the less rapidly groving
solution, associsted with the charsoteristio value :, in the freestream. The essential advance ip ooping
with this problsam, vhich bad previously limited nuurlm solutions to moderate Reynolds nusbers, was made
by Kaplan (1964). The K-2;lan method "purifies® the oonotaminated solution by filtering out the parasitioe
error whsnever it bscomes lsrgs snough to dsstroy ths linesr indspendencs of the solutions, An
{lluminating prssentation and application of the Kaplan msthod may be found 1a Detohov and Crimicale
(1967). Three recent asthods that cope sxoeptionally well with the oontamination problem are the Ricoati
method [Davey (1977,1979)], the method cf ocompound matrioces of Ng and Beid (1979,1980), and the method of
order reduction [Van Stijn and Van de Yoorea (1982)].

4,3 Oram-3Schmidt ortbonormalisation

A widely used method, that was originally developed for ayatema of lioear differential equations by
Godunov {1961} and Bsllman snd Kalsds (196%) and applied to the boundary-lsyer stability probles by
Radbill and ¥Yo.n Driest (1966) snd Vassan, Okamsura and Saith (1968), is that of Oram-Schmidt
orthonormalisstion. Thais method has the edvantage that il in eesier to gensralise tc higher-order syateas
than is the Kaplan filteriang techaique. Nowever, the gecmetricai argumeat often adduced ia its support,
that this proocedure preserves linesr independence by keeping the solution veotors orthogonal, ocannot be
oorrsot becauss the solution veator apace does not have a metric. Ia auch vestor 2paces, veotors are
b either psrallel or non-psrallel; the conospt of orthogomality does not sxist, ingtead, ths
orthonorsal isation msthod works om exaotly the same basia as Kaplan filtering: the ®saall® solution is
replaced by a linear ocombdination of the "small® and "large® solutions whioh is itself conatraimed to de
®spall.*

For the lplut( of a tvo-dimensional weve in a two-Cimensiosal homhr{ layer, there are two
oﬁ’num. z‘ and L 3 , ssoh consisting of four componsats. Ia th) fresstreas, 2 " i inviscid and
h A the visocous solution. Although this identi tion {8 lost in the boundary layer, 5 oontinues to
grov more rapidly with decreasing ¥y does * . The parasitic srror will follow !( ). and when the
diffsranda in the * nitudes® of 1 and x‘ ) ('] «rum by an arditrarily aasigned metrio decomes
suffiojently large, I will a0 loager be inmdependeat of I'7/. U&,& before this occcurs, the Gres-Sahaidt
orthonorwalisstion algorithm is applied. The *\arge® solution I is sorsalised componeat by eomposeat
to give the oevw sclution

a(3) , g3, gD 2 (a.n

where an asterisk refers 10 a ouap'ex cohjugate and ') to s M«ﬁ The metric sdopted for the
vector space 18 the wewal BucliZian nore. The soalar preduect of I ’-.ua )tcwummmw

MY PISTLIPPI ) LM PYNS VIVPE TR LA VIS 72 I (8.2)

whioh rep.sces 2'!), and where § refer. to the quastity 1n the nuserator.

The numasrieal fstegration coatisues ;an l“) and l(” ia place of l(" and ;(!). and vhen 18 tura

s‘” sxoends the set oritertios of, say, 10 with single precisica arithaetioc and s 36 bit computer word,
the orthosoraalizatios 1a repeated. Vith heaegesscus boundary ool“)unl " the wall, it mnakees e
diffsrence 1a the detsrmisations of the eigeavalues whelher ths 2 or 8 ) are used. A liemar
condbinatisn of the twe selucions satiafies the £(0):0 dousdary ensditien, but the $#(0)e0 boundary
ocoadition will in geasrel mot Do setlisfied waless :, r and . satisfy the dispersien relstiea,

i1though the orthensrualization prosedure has 20 cffeat on the Bethed of determining sigesvalwes, it
does conpliecste the salsulatics of the sigealumetions. T utiea "“‘l’. of the avaerisal imagretioa
ore lineer combinatieas of the erigisal selutien veeters asd 1030 and 51 10 wecesesry te “warevel®
these conbdinstisns. Tve vell-knows applicaticns of ertheacrsalisatisl have besh gives by Coute (1964) and
by Seett and Watts (1977). The latter autders facerporeied their aethod 18 the gonerel porpese cede
SUPORY that has Dees weed in several stadility fawestigatisas. 4 €ifferdsl pretedure fres oitior of these
wes worbed out fer the JPL atability ssdes (1971), and §s resdily appliesdle te say erder of differemtial
oquatisns.

.0 Dowten-Raghoon search presedure

The Bewtoen=Saphaen "tm been fouad to be satisfastory for oblaiatag the sigenvalues. The
beundary eoadition o 3! (or 3''7) 15 satinfied ot the consliusinn of cach Lfategraties By & linsar
csadisation of the twe sslutiens ot yri. In the apetial theery wilh = and 5 fizned, the gusse value of

1o perturbed by o o8all smoust and the istegration repeatets Boramse %(0) iz aa asalytie fumsiiea of
csapiex varisdle 2, the Cauchy-Ricsenn egustions
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3"(0)/30‘ - a’r(OJI&mr '

(8.3)
3%,.(0)/3a4 » ~A(0)3a, ,

oan be applied to eliminate the need for a second fategration with a, perturbed. Ve nay note that ¥0) is
an analytic funstion of u even after orthonormalisation with the usual definition of the soalar product,
ressrks to the contrary in the literature notwithstanding.

The correotions So . and 41, to the initial guesses o, ama a, are obtained from the residual ¥0) and
tie numerical (linear) spproximations to the partial Ga:i'nunch

(99,00)/0s J50p = [ 19,(0)7 33415y w =9.(0) ,
[79,(0)/ 3. J6a, « {38,(0)/204]504 = =#,(0) .

(8.8)
The correctsd :  and a; are used to start a nev ifteration, sad the process contianves until "”‘r and 6111
have beea Muocs below a presel oriterion
S. VISCOUS INSTABILITY
5.1 EKinetio-energy equatioa
The approach to Iustadility theory based on the energy equation was originated by Meyaolds (1895),
snd has proven to be sapecially helpful in the nonlineer theory. An sxtended account of receat work has
been given by Joseph (1976). Ia the l:near theory, ths eigenmodes of the Orr-Somaoerfeld equation already
supply us wit cocaplete information on the inmstability characteriitios of amy flow, 00 the emergy method
i3 majnly useful as an aid to our phyeiocal understanding WUe start by defining
o s (V2UAR o B) (5.1)

to be the kinetio energy of a samall 2D disturtence. Vhen ve multiply the dimensionless x asd y parsllel-
flov somestus equations by v asd v, reapestively, and add, we obtaia

2 4 du ®.e, L 2
(3100'}[)..-'dy-_‘._'l"fay‘ i (w?u o wiv) . (5.2)
If we tntegrate Bq. (5.2) from y=0 to tafinity and average over a waveleangth, we find, for s temporal
disturdance, - =
" ./;: ay" lot.m : (5.3)
wvhere £ is iles total disturbamee kimstic emargy per weviieagth, 1 s = <uv> is the Reymolds stress, and
e Wy = v/is (5.8)

1 the s-component of the Ziuctuatioa vortioity. 2 derivatioca of Bq. (5.3) may de found $a the review
article of Prandt) {iy38, p. 100). The last Lera can de rewrittes as

_[L?uy . :[c (,’“)‘ . (.“)‘ >y o[ ((l“ 5 :'-'i:.sy . (s.5)
4" f)» (y L} 3

uliah i sere readily idemtified as the viswus disaipatioa. [t is sustemary to write Bg. (5.3) as
‘Wt e P b, (5.6)
wwora . -
| 4 --['.(dt'ldvni {%.Ta)

o

is the total energy profustios Lerm over a wavelenglh, and

-

’
B L ¢ day (3.7%)

310 the viseous dinsipation A disturbanee vwill anplify, de neutral, or danp 4apoading oo vhether P 1o
grester than, oqual to, or lees thas D Conseguently, there ean ealy be 1astadility £f t is swffisiemtly
positive over emough of the bousdary lager 20 that the predusiiss ters esa sulweigh the dissipatien term.

$.2 Inymelde strees ia the visesus wall regies
The Laviseid theary givee the result (het o flew with 2 eaoves velesity prefils, of whieh the Blasiue

wad that & Flev shat S0 stadle 13 the adoenee of vioeesily et oaly be steble whea visnesity S0
prodeat, Ue ooo frea By. (3.2} that ta & Blasius beundary lager, where J73C0, & wave of any phase
veloeity 1eoe thea the freestress velseity ereates o saailiss Meysslide Jtrees fer y<y, Therefers, e
oaly wvay an iastebility wave ean exist 19 1f viseosily csuses & positive Reynelds 2tress Yo Muild wp aser
the wall. It wes this pesaidility thetl Tuyler (1913) resegnized, Swt his cheervetion west wamstiesd A
fou posre later Preadtl (1921) ves lod to the same ides, oad saloulated Lhe Dapasiés stress seer e wall
free

of iaterest Lo 2dte that Prasit] wes BevNM 50 favesiigate the Possibilily of visesuws
1astability by on experiseat 1o whieh e sau, or thought Lo sovw, emplifyiang iastedility wcves 12 8 N
ouppused to 3o stable. In view of Lhe impertanse of this ¢lseovery, ve shall quate & feu iises
paper:
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"Previous mathesatiocal investigations ot the origin of turbulenoe have led to the opinion that small
disturbances of a viscous, laminer flov between two wvally are always damped... I2 order to learn how
turdulenoce actually originates, I hed built at Gottingen an open channel...and observed the flcw by the
Ahlbdorn method {aprinkled lycopodiuam powvder)... VWave forms with slowly incressing emplitude were
ocoasionally observed... These wave:' of inoressing amplitude oontradicted the dogma of the stadility of
laminar motion with respeot to small disturdanoces, 8o that at first I tended to delieve that I had nct
seer this infreguent phenomencn ocompletely right.*

*We nov applied ourselves to the theoreticl treatment, snd, to antioipate a little, we found,
coatrary toc the dogms, an instabdbility of the small disturbances.®

Prandtl's arguscont was later refined by Linc (1954,1955), but we shall follow essentially the original
derivation here., An inviscid wave 19 assumed to exist in the boundary layer, and visoosity to sot only in
s narrow region oear the wall. To simplify the amalysis, U(y) %s taken to be serc in this region. With
this asawmption, the 2D ¢‘mensionless, parallel-flov x mcmentum eq.etion simplifies to

. .2
Toe-Folq (5.8)

ty
whers the terms vOU and -2u/ 3% Lave been drepped. Outsids of the wall visoous region, Eq. (5.8) reduces
}\5 .. gg . (5.9)

The disturdance veloocity u consists of two parts: an invisoid part u, that satisfiss Bq. (5.9), snd a
visgousr part that satisfies the difference between Eqa. (5.8) and (5.9). It is the total velooity uew,
¢ u that setisfies the no-slip boundary comdition. lmzno.

e P " (.10)
Ot ox S )
The solution of By, (s5.1n) for « real is
uy(y) o ~u(0) expl=(1=1)(«/2) 2yJaxp(a(rz—~a) , {5.11)
vhers tha bdoundary conditions
w(0) » u (0) « u (0) and uly): v (y) as y » =~ (5.12)

have deed applied.

The additiosal luagitudinal disturdanoce velooity Uy Whisk 18 needed to satisfy the no=slip
ocondition, induoes, through the ocoatimuity equation, u additional normal disturbance velooity

ve(y) = = O(m.,/-r)d: . (5.13)

which ytelds, upon substitution of M. (5.11),
vo(y) » (1-1) w (0)[1/(2.8) V2] (axpl=(1-1) (.02} V)t bamp[1(13-.0)) . (5.18)
Outside of the viscous regiom (y~) v, is independent of y asd », 15 sero. Pros Bg. (5.10),
() & ~(1=0){1ug (0/(2 )V 2 jexpi 1 ax-uai] . (5.18)

The eonsequences of l% (5.15) for the Reynolds stress are as foliews, 72> an iaviaci¢ aeutral
disturdanee, u and v are 90° out of phase [see lqn, (2.50a) and (2.500)) and T 18 urre. Bowever, fer say
other disturdance u and v are ocorrelated, sad there 1s a Beyoolda strese. umu,umeumhofm
vall viagsows layer, it ean esoatrileute mothing te ! there. However, v, Jeraists for some distanse outaide
of the vall layer, and stace 1t 1o ahifted 135® with respeet to u, n will preduse a Reynelds stress.
This Reynolds strese must equal the Reysalds atress set up by the ¢iaturdases inm the vielaity ef the
eritioal layer, and whieh, ia the adessse of viscoaity, would extend te the wall., Ve have alreedy Gerived
s formula for this stress is Section 3.t (Rq. (3.8)).

The formsula for the Reynolds stress at the edge of the vall viseous region can M cerived frea By,
(5.15). We find

' @ =tayvy> o (UD/AB Y 0 (3.16)
If e retio 1 /ev)> 1s forued, ve bave

L P s (V2aAmVE (3.17)

A goneral expressien for ' ie the vall vissous region san be edtained from Ree. (5.11) and (5.18),
ond this expreseiss weuld give the 1ssresse of T frem sers &l the wall to the value givea by By, (5.17) at
the odge of the viseows regisa. Seveier, By. (3.17) estadiishes the esssatial result that ' 15 pestitive,
ond thus viseseity asts as Taylsr thought it weuld, and duilds wp » Beyzclde siress 1o Bateh the faviscid
Reyselda stress, or, 18 Tayler's previss view, peruits the sementus »7 the disturdanee to o atocrded at
the wall, Acosrding to B¢. (S.Ta), with a peajtive strese emergy vi.l be tramsferved frem the messn flev
to the ciaturbanes. Consequeatly, the wall viseous regien, whieh is forned to satisfly the ae-slyp
boundary conditios feor the disturbanse, has the offest of sresting o Beyaelds stress vhieh edte te

fifismmnniets
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Az ¢ note of ceution, it must de recelled thst the preceding analysis rests on the negleot of U in
the wall visocous region. Therefors, we can expect the results to de valid oaly et high values of R, when
the wall visoous region ia thin comparsd to the boundary-layer thiocknesa, end when the oritical layer is
outside of the wall viacous region.

6.  NUMERICAL NESULTS - 2D BDOUNCARY LAYERS

In this Seotion, we shall present a number of numerical results which have been chosen to illustrete
important espects of the theory, as wcll as to give en idea of Lhe numerical magnitudes of the quantities
we have been discussing in the previous Sections.

6.1 Blasius boundary layer

The Blasius bdoundary layer, bsocause of its simplicity, has recoived the most attention. The unifors
externsl flow veena that not only is the boundery-layer self aimilar, dut thers is only e aingle
parameter, the lleynolda numbder. As there ia no inflection point in the velooity profile, the orly
instadility is viacous fnatedility. Thus we are adle to atudy thia form of inatadility without the
competing influence of any other mechaniss of instability.

The first result of importance 1s the parallel-flow neutral atadility ourve for 2D waves, which i»
shown {n Fig. 6.1 88 three seperate oyrves for: {(a) the dimensionless fraquency F [Eq. (2.60)]; (b) the
dimenaionless wavenusber i besed on L~ (Bq. (2.57)); and (c) the dimensionless phase velocity ¢ based on
U;. BNormel modea for which F,2end ¢ 1ie 0on the curves are nesutral; those for which F,q and o 149 ¢n
the i{nterior of the curvea ere unstedble; everyvhere e¢lse the norsal sodes ere damped. The neutrel-
stability curvea are a convenient meens of ideantifying et each Reynolds nuabder the F,a and o bands for
vhich s wave is unstadle. Figure 6.1a also oontains two additional curves whioh give the frequencies of
the maximua apatial emplification rate and of the saximum asplitude retio lllo. vhere lo is the asplitude
st the lover-branch neutrel point of the frequency in queetion Both saxime are vwith respect to frequency
at constant Reynclds numbder. We have used o in Pig. 6.1a to denote =i, the spatial amplificatios rate in
the streamwise direction, and will oontinue to 6o 80 in the resainder of thia doocusment. The oorresponding
vavenusbders for the additiocnal ourves are given in Fig 6.1b. The ratio of wavelength to boundary-layer
thickness 18 2-/, ¥y:, and y., the y [Bq. (2.59)) for which U » 3,329, ia equal to 6. ). Consequently, the
unstadle vaves at R = 1000 heve wevelengths between 5.555(16.84°) and 10,4 {492 ¢ 1, l’ooruu to Fig.
6.ic, the unatable phase velocitics et this Reynmolds nusber are detween 0.2020; end 0.33501%.

¥e must keep in mind that the nsutral ourves of Fig. 6. bave been calouleted from the quasi-parallel
wesry, which does not distinguish between flow variadles or location in the doundary laysr. All of the
nob-parailel neutral curves calculsted by Gaster (1978) define a slightly grester unstadle zome, with the
grestest differencea coming et the lovest Reynolds number2 es might de expected. The difficulties
involved in making eoccurete sessurements of wave growth ot low Meyoolds aumbers bave 80 far precluded tbe
experimental detersimmtion of what can be regarded az sn unequivocally ®correot® aesutrel-stability ourve
for any flow variadle,

The next quentity to exemine is the dimensionlees spatiel amplificstion rete s dased on L’ mnis
smplification rate 1s shown in Fig 6.2 for 2D waves as a function of the diseasionless fregquesay F st the
tvo Beynolds nusbers R « 600 and 1200, Frow the defimitioa of the aspliificetion rete ia Bg. (2.27), the
fraciienal change {n amplitude over ¢ distanqe equal to one boundary-leyer thickness 18 vy:. Thus the
soet unatedle usve of frequeacy ‘ -.0.33 2 107" at B » 1200 grows by 3,08 over ¢ houadary-layer thickmeas.
The amplification rate S3sed 0a . /U,, } o /R, gives the fraviiossl wave crowih over a uait increseat ia
M. Thus Lhis same vave grovs by ':th over an imcreasat in Be of 10,000,

T™he saziaus aspiification retes and ' __, vhere the maxiss are with respect to frequeacy {(or
vaveaumber) at coapteet Reyaslds nnm. &re mu ta Fig. 6.3 as fuactions of Beysolds nuader, The
asplificetion rete °, which gives the wvave growth per unit of Rersolés seaber, peaks at the low Beyxnldas
susbor of R o 63 T sapiification rete &, whioh 1s proportiocssl to the veve growtd por boundary-layer
inickpass, <eas mot peak vatil B s 2780 [calewleted By Kimmersr (197))]. The disensioasl asplifiocatica
rate 1e preporticasl) te & for o fixed uait Reynolds auaber. Figure .) shovs thst the 3eclise ia the
dinensisaal asplificatioa rate wilh inereeiing s-Reynclds susder 15 alpoet scuaterscted 0y the isoressase ia
the beundary-layer thicknens. Visocouws 1nstadility, A eharastarized by o, persiasts Lo estresely high
Seynolég susbera. Hovever, (I the pessure of visoousd 1nstadbility (s talea 10 De the wave grewth over a
fized x incresent ar expressed dy 5, thea by this oriteriea the maxinus viseous {astadility eocwrs at low
beynslda ouaber,

The logaritha of the smpiitude ratis, Adg, is showa ia Pig $A for 20 vaves as ¢ funotios of B for
a auaber of frequeacies 7. The savelepe eurve, vhich givea the sazinus saplitude ratic possidle ot amy
Beymolés ausbder, 15 alse sbown in the figure aloag with Lhe ecerrespeading fregueancias, IU is this Lype of
dlagres that 1s wsed 1o engissering ctudies of boundary-layer tremsition Vhea lali/Ay), whieh 18 oflea
cslled the 3 faeter, resches scae predeterained value, say aine a8 suggested by Selith and Cuaderens
(1954}, or ter as suggested by Jaffe, Oknaurs and 3aith {1970), Lresaitiea 13 seasidered 1o take plaece, or
at jeast to start,

The distridution of the legariths of tae aaplitude ratte with frequeney §s shous 1a Pig. 6.3 for
ssveral Reysolds auabders., This figure Lllustrates 25a Filteriag setied 37 the Doundary lagor. The
tansous aerreviag of the basdvidth of »=sisble frequensiss and the large imerense i asplitude retie

Degaslidn sunber Lacrensss NeARs Mst aa iritial waifore power apectrun of Lmetadilitly waves teade
& apestrud at high Beymelés swmbere Lhat has & the aest amplifisd fiegueany. The faset
Pig. 6.5 gives the daaduidth, dofined 20 the froguensy reags dver vhieh e saplitude retis i3 wilkie
of the ponk value, 20 & Nunstiva of Neyacliés mmber.

)

LEse

. cnmmmmmu-r.wmmmwmm‘.

and, in asoerd viia Lhe 3tondard agtaties, 18 dinsasisns) ¢isplacenset thichness.
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The Squire theorer (Seotion 2.,4,1) has told ua that it ia a 2D wave that firat becomes unatable,
Furthermore, a* any “eynolds number it ia a 2D wave that has the maximus amplification rate and also the
maximum amplitids, retio. Thus the envelope curve of asplitude rstio when all odlique wavea are considered
as well aw 2D waves 18 still as shown in Fig. 6.8 However, for a given frequency the 2D wave is not
necessarily the sost unstable, as is shown in Fig. 6.6. In this figure, the spatial asplification rate 7,
caloulated with | = 0, 1a plotted against the vave angle | for three frequenciea at R = 1200, At this
Reynolds number, the maximue smplification rate occurs for ¥ = 0,33 x 1077, Above this frequency, 2D
vaves are certainly the moat unstedle. However, belowv about F s 0,26 x 10‘. an oblique wave is the moat
unstable, and the wave angle of the maximum zmplification rate inoreases with decreasing frequenocy.

In the calculations for PFig. 6.6, the complex wavenumder was obtained aa a funotion of the apanwiae
vavenumber :  with ¢y » 0 and the frequency real and oanstant. Thua the complex group-velooity *
can be ruddy obdtsined from W ‘' (a -tan ¢}, and the reaults are given ia Fig. 6.7 for 7 x 10" = 0,20
and 0.30. The resl part of ¢ 12 1imited to leas than 10°, and %y oan be eitiur plus or minua. It 1a
svidect that at the maxismum of ¢, where W""r is real, i must be zerc. With the groupe-velooity angle
known, the aoou‘-ney of the aimple relation Kq. (2.35) for aa a funotion of  can be cheoked. We choose
F « 0.20 x 10" and v= 45° 1n order to bave ; real. Table 6.t givea k, ths_wavenumder; ', the

. 3
amplification rate parallel to ;(both of thess are caloulated as an eigenvalue); " (V), the ocomponent of 7 i
in the x direction for the apecified y; and 7 (0), the amplification rate in the x direction fori = 0 aa ¥
caloulated from Bq. (2.81c), the spatial-theory replacecent for the Squire tranaforsation derived fros Ig. 3
(2.35), but with , replaced by 7. In the iatter caloulation we have used 3 = 9.65°%, the value obtained ¥
with = 0, The transformation works very well; the small discrepanciea from the correcty s 0 value are 3
due to ;. being s weak funotion of V iastead of oconstant as assumed in the derivation é
Table 6.1 [Effect of | on ampliffication rate and test of é
trenaformation rule, 7 s 0.20 x 1077, R = 1200, v = AS°, 3
5 K Tm10d e(¥)xt0d  o(o)mr0d

eigenvalue transformeticn 3
0.0 0.1083 3.201 3.201 3.201 S
9.7 0.1083 3,156 3.111 3.201 E

15.0 ¢.1083 3.170 3.062 3.200

30.0 0.1083 3.368 2.916 3.203
85,0 0.1083 3.0713 2.139 3.208 <
€0.0 0.1082 8.95% 2.070 3.207 H
75.0 0.1083 7.601 1.967 3.2)6 k

Ve observe ia Table 6.} that the real Squire transformatiosa, which is the 1 (]) eatry for is i, is in
error by 140§, whereas the oorrect tramsforsatios is inm -rnl- by ouly 0.15. VWhen the sase caloulation is ‘
repested for the other frequency of Pig. 6.7, 7 » 0.30 x 107", for whish ty o «2.48° sty o 45° tnotesd of b
c° aa for the frequency of the Tadle, equally good results are obdtained for (0) frea the Lremaformstioa ;
Bovever, k {3 Po loager coastast, but imoreasea with J; for ;= 75° it 1s 0,08 larger thaa ot{ s 0°, 3
Nayfeh and Pudiye (1979) provide a forsuls for thia changs. b

In Fig. 6.8, 1a(A/Ag) 18 given at several Beynolds nusbars for 7 » 0.20 x 10°% as calculated with the
irrotationslity comdition, Bq. (2.62), applied to the vavesusbder veotor. The abecisss is the initial wave
angle st R s 900. The change i the wave adgle fros & » $00 to 1900 §s 1.7° for the wvave that has as
iajtial vave angle of [T YT figure shows that the greater aaplificetion rats of oblique vaves 1a the
Lostability region mear the lover dresch of the mevtral curve tracslates isto an amplitude retio that is
4reator than the 2D valus, Novever, ia(i/d,) for aa odlique vave is sever sore then 0.35 greater than the

20 valee. Figure 6.0 aloe shows that Just &8 Lhe frequessy danduidth aarrcwa with lnereasing 3, »0 does i
ths dandvidth $a spenvise wavenusber. Although at the lower Beysolds auabders the respoasse extends Lo i
large vave anglea, at R o 1900 the amplitude ratio 48 dowa to 1/e of $te 2D value ot . s 37°, and oa the
envelops curve Lhie aagle will be atill amaller. Por uu.hs the 1/ amplitude for 7 » 0.60 ¥ 107" at
the envelope-curve Reynolda ausber (R s 900) cccurs at, » 29”; for F » 0.30 3 10”7, at , ¢« 26" Gven

B0, It is necessary whes thinking about wave amplitudes ia Lhe boundary layer to keep 1in miss that toth a
froquency Sasd asd spaswise-vavesusber dand guast be coasidered, met just a 2D wave.

3o for ve have only besa conaidering the aigeavaluss and not the sigenfuaetioss. The eigsafumetions
glve Lhe pepaldility of penetrating further {ato the physios of faatadility, and ve shall take thes up
sriefly at tais pojat. Ligenfurotions are readily odtaised with aay of the cwrreat suserical sethods, tut
were 4iffieult te compute vwitlh the 0ld asysptotie theory. The first ajgeafunetions vere obtained by
Jokliahting (193%), and the good agreenwat of the neasurencats of Sohubaver ond Skramstad (1937) with
these ocaleviations vas a Xey lactor 4a ecotablishing the validity of the 1inear stabiliity theory. The
prodies v 18 sofe one of finding & reascnabdic waj to preseat the great sass of susericel dats that can
te osnpuied, and te satrest wefwl fafersatior fres this data. 500¢ progress 4es dees aade ia the latter
directien by Name, Willlase and Passl (1980). Per €¢ifferent saplituéea of 2D waves, these suthors
Mlculsted streanline patieas, codtenrs of constamt total verticity, Meysclds stress aad sll terss of the
lesal apetiil casrgy Malanee,

rigure 4.9 gives the saplitude of the sigealuoetion § of I‘Q streanvise veleeity flwstuation u st R o
800, 1400 and 1600 fer the 2D vavy of froqueaey F » 0.30 x 30", The correspanding phases are gives ia
Fig 6.1C. &a may be seen froe Fig 6.1a, thede Seymsids mumbers are, respoctively, Just Delew the leower
branch of the asutral-stability surve, aser the naximus of J, ulum'w'”omofmuutm
retic. The sigeafusstion sernalisation of Pigs. €.9 and 6.10 16 $(0) o (2°'7%,0). The eligeafunstions
have 0ot besa resarealised teo, Say, & Senetast peak aspliivds 49 1a often done, 18 order to caphssise that
ia the guwasi-peraliel theory the moreclisaties 1s scmpletely arditrary. Mething san Do learusd o8 to the
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effeot of the variabdility of the eigenfunotion with Reynoldas numbder on the weve smplitude within the
fragevork of this theory. Attempta bBave been made to do thia, and plauaible looking results obdtained, dut
this spprosch ia without theorstical justificatioa. It has already been pointed out in Section 2,2 that
the meaningful quantity for the amplitude modulstion is the produot of A(x,) and the eigenfunction, and
this produot, which has a fized value regardless of the norsalization of the eigenfunotion, oan only be
caloulated from the nonparallel theory.

For the wave of Fig. 6.9, the oritical layer 1a at sbout y » 0.15 and varies only slightly with
Reynolds number. Thus the looation of the smplitude peak, whioh 18 s strong funotion of R, is only
coincidentally at the critical point. As R inor s, the vi layer near* the vall deocomes thinner as
exzpected. The ocharacteristio phase ohange of approximately 130° in the outer part of the boundsry layer
hea nothing to do with the 180° phase ohange at the oritical layer in the invisoid sclution {Bq. (3.99)],
but 1s » kinematfical oonsequernce of s wave with gero amplitude st both the wall and at y +=. At sc@me ¥
greater than the y of maximum amplitude, where visoosity has little influence, the slope of the
atreaslines relative to the phase velocity has a maximsusm. Thus the velosity-atreastube area relation
changea 8ign, and at a)l y > Vg the u fluoctuation from thia effect is opposite in aign to the fluctuation
that arises from the wavy motion in & monotonically innreasing velocity profile. At some y), > LY thease
two effecta can exactly balance for & neutrsl iaviscid wave, and almost balance for mu‘m. viaocous
waves. For the iatter, as ahown in Fig. 6.10, there is a nearly 180° shift 1n the phase of 4. The fact
that the phuse can either advance or retreat in this region was first noted by Hams ot al (1980), and its
aignificance, {f any, is unknown,

It was shown in Section 5.1 that the kinetic energy c’ s 2D imstadility wave {a produced by the ters
:dU/dy, where 1 1ia the Reynolds streaa built up by the sotion of visocoaity. BReynolds ~tress diatridutions
have been given by Jordinson (1970) and Kimaerer (1973), anong others. The energy production ters is
shown in Pig. 6.1 for the frequency and three Reynolds numbers of Pigs. 6.9 sad 6.10. The peak
production doea not ocour at the oritical layer at amy of the three Reynolds mumbders. Ve see that ensrgy
production 1a by no means limited to the region between the wall snd the oritiocal layer, sa might de
expected from the simpie theory of Section 5. At R a 1200, where the amplifioation rate is near ita
ssximum, there is aigaificant enmergy production over about half of the doundary-layer thickness, In these
examples, the Beynclda stress is positive exoept for the slightly dampled wave at R = 800, where there is
a small begative ocontribution over the outer 703 of the boundary layer. The damping at R = 300 is Gue to
viacous disa‘pation, not to s megative production ters. HNex=s et al (1980) give an example at low Reynolds
number whers the production terms 1s negative over the entire boundary layer.

6.2 Falkner-3kan boundary layers

The 1nfluence of pressure gradient on boundary-layer atability oas be atudied ocozveniently by means
of the lalkner-skan family of self-similar boundary layers, wbere the Nartree parsmeter 8, [ig. (2.62))
BOrves a3 & pressure-gradiest parameter. The rangs of 8, is fros -0.19883774 (separation profile) through
0 (Blasius profile) to 1.0 (2D atagnstion-point profile). Exteasive nuseriocal ocaleulstions for Palkner-
Skan profil-s have been cerried out by Waszsan, Okasure and 3sith (1968; see alsc Obremski ot al. (1969)),
and by Kiimmerer (1973), Pigure $.12, taken from Mack {1978), gives tha iafluence of % oa the B-faotor
envelope surve, It 1a clear that a favorable preasure gradieat (a, > 0) atabilizes the doundary layer,
and an adverse pressure gradieat (8, < 0) destabiliszes tt. The stroag imetadility for sdverse pressure
gradients 1a osused by an faflection point 18 the veloeity profile that soves avway fres the wall as?’
becomes more negative. The adverse presaure gredieat Falkner-3kas douadary layers sre particularly
tastructive bdecause Lhey provide ws with exaaples of doundary layers with Doth visccus and iaflectiomal
inetadiliry.

A

T™he asplification rete U 1s unsuitable for astudyiag iaflectiomsl tmstadility, whioch ia basisally am
1oviscid phenomenca, &5 it $s sero at R -~ regardless of whethar the Soundary jayer 13 stable or wastable
in the imwiscid limit, The calvaletions of Kuemerer (1973) imclude both Jand ) and show thet the mazimws
smplificetion rete soves fro3 R o 2780 for the Blasius deundary layer to B~ a0 \ dooreases fres
soro. Whes . 182 8=, whiak oceurs befere 5. resches the separation velue, we Csa say that the
boundary layer “ sominated by iaflestin~zgl ifnstadility, Ia these cases, viceosity asts risarily te demp
out the disturbances just &b savisio.ed By the sarly iavestigsters. Vhea ve take uwp coapressible boundary
layers 18 Part B, we shall escouate’ anolbor exasple whsre the deaminsant inetability ehcoges fres visesws
to iaflestions] a3 a parameter (Lhe resstiress Nask mmbder) varies.

The froquenciea along the ervelepe ourves of Pig. 6.12 1re given 1a Fig. 6.13. Ve say ebserve that
18 boundary layera with faversdle prodavre gradieata, vhere viseous 1a9tability Lo the oaly seuree of
inetability, 1t 18 lov frequency weves which are Lhe meet asplified Oa the cestrary, for boundary lapere
vilh adverse pressure grediects, where iafleetions)] 1mstadbility is demivast, it 1 Righ-frequensy waves
which are the most amplified.

Ia » mtural disturbaseey savireamest, & vide spostrun of eersal nedes 847 de expeeted to exist ia the
boundary layer. It 1a helpful Lo kaow the sharpness of Lhe response 18 eatinsting vhea the diaturdanes
smplitude 59 lorge casugh te (aitiate Lremmition 4 meeswre of this quastity 1o givea ia PFig 613, where
s froqueney basduidth of the 2D waves sleag the eavelepe surve, 0xpressed as s frastie’ of the sent
aeplified frequensy, it sheun fer the Palbasr-Skas fonily. This Ganduidth 15 mot ideatisr. Lo the oae 12
the 1000t of Pig. 4.5, 02 It gives ealy Lhe Frequency reage 1005 1042 the oeat 2aplifl 4 Frequeney for
which the amplitude retie 1» withia 1/ o the pask valua. The Fllleriag setics of the Mswedary lager L9
agsis evidesnt fa the asrreuing of the Danduwidth with inercasing Deynclids suader for a givea dousndary
layer, and ve 0oe that the pere uastable sdverse presaure-grocdiost douadary layers dave the slreagest
filtering setion.

6.3 Nea~sinilar boundery layere
™e sslf-cigiler boundary legore are weful fur iilwmiretiag desie iastability sechanisns, 9t is

prosties doundary lagere sre svd=siniler. 4 ceaputer code Lo perfora stability eald
statlar boundary lagere 1o sere ssdplisated thea for self-cinmilar Sountary loagers, bud
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different profiles. The atability caloulations themaelvea sre the same as in any Reynolds numbder
“ dependent boundary layer. The eigeavalues are calculated as a function of Reynolds number, and thea can
be sudsequently used to calculate K faoctors, or for say other purpose, exaotly as 1f the boundary layer
were self-similar. Suoh ocaloulations have deen done on a routine basia e least as far back as the paper
of Jaffe, Okamura and Saith (1970).

6.4 EBoundary layers with msass transfer

Suotion stabilisea a boundary layer, and blowing destadilizes $t. This result was eatadlished by the
eariy i{nveatigators, and extensive stadility caloulations wvere carried out with the asymptotic theory.
Suction can stadilize s boundary larer with or without an infleotion point, The stadility mechanisa ia
aimilar to the sotion of a presaure gradient. Suotion gives a ®fuller® velooity jrofile, just as does & 3
favorabdle preasure gradient; dlowing gives a velooity profile with an iaflecticn point, just as does an
adverse presaure gradient, CZuction 19 the prisary method prorceed for laamimar flov ocatrol o ajroraft,
where it has been investigated saialy in oonaiotion with thres-dimemsiomal boundary layers, A suasary
scoount of early work on this aubject may de found in the book of Schliohting (1979). Nore receat work ia
primarily associsted with Plfenninger, and a ausmary acoount of the vaat body of vork oa thia audjeet
oarried out by him and hia co-vorkera aay be fouad 12 the Lecture Notea of ar AGARD/VEK] Special "ourae
{Prenntinger (1977)]).

3.23
necessity of calling up s different velooity profile at each Reynolds number, or of interpolating between i
g

6.5 Doundary layers witk heating and cvoling

Neating ac air boundary layer destadiliszes it, and cocling atadiliszes '*. The proper calculatioa of
this effect requirea the ocompresaibie atability theory which is givesn ia Part &k in exnssple for s low-
speed boundary layer ssy be found ias Seotioa 10,3

st

for a water boundary layur, the effect §s the opposite, and heating the vall bas beon extensively
studied as a means of stadilisetioa This mechanisa of stadilisatioa ia scolely through the offest oa the
viscosity, and sap be studied with the incoapressible atability theory provided ealy that the vissosity is
takst to be a funotion of tempersture. The imitial work on Lhis swudjest was by Vassasa, Okaawre and Smith
» (19680).

.

6.6 Ligenvalus spectrus

AN .

An arbitrary disturbance caanet be represented by a single sersal sode, or by 8 asperpoaition ef
soraal Bodes. These 50408 represest oaly a singly seader of an ealire eigeavalue spestirun, and it i3 this
spectrus that la required for an arbitrery disturbense. It sas bo preved thet for & bounded sheer flaw,
such a» plone Polseuille flev, the eigsavalus apeetrud 15 Gloerete and fafimite [Lis (1961)). That is,
for a given vavenusber aid Doysclids aumber, there 15 s iafinite diserete seguense of ssmples frequeasies
vhose eigeafunctions astiafy the boundery esatitions. [Eash eleseat of the sequesses comstitutes & weda.
T'is 10 the nore precise Besaing of the ters mode; vhat we have eslled the msraal sedss all deloag te the
ficet, or least atadle, of these Bore gomersl medes. Te ¢istinguish bdetuwses the twe uweeges of the ters
B0ds, ve shall refer to the €iserels 2equence a5 Lhe viscows sodes. Oaly the firet visesus aode san be
uastatle; all of the others are desvily dasped, whieh §8 the reascs viy they are uaimpertant {a alsest al}
prastical stabdility prodiesa. Caleulatiess of the dlacrete tonpers] oigesvelve speetrua of plane
Poiseuille flov bave beea carried out by Oresch and Salves (1968), Orssag (1971), eag Nesk {1976). i
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It vas loag Melieved that the eigesvalue spootrus of bovadery-layer flows 15 alse diserete. Bawever,
a caloulation by Jordiansea {(1971) fer a ajngle valuwe of a1 snd B wasovered ealy o finite diseretie spestirua
for the DBlasiua deundary layer. These c¢aloulatiens were 13 sefe orrer sugericslly, det s latur
tavestigstica by Nack (1974), wvhieh werbed out the correet Lompors! spostrum, oeafireed the ceatlusien of
Jordinsca, As abown $a Fig. 8.15, at 1 » 0.179, B » 500, the ease eonnidered by Jordinsca, there sre
oaly aeves viseeus sedes. MNede ! 18 amplified; Nedea 2-7 are atreagly dasped. 1ls Fig. 6,15, the
elgeavalaes are shous ia comples ¢ space, rether than - speoe, m-,.-uw-mowu.num
12 this predlea. 4

Although the nuaber of ¢lacrete 20400 10 & funelics of deth vavenuabder and Doyaslds nuader, the
avabder remains fiaite ond cenparetively asell. It ves shews by Rack (1976) oo the dasta of svaerissl
e328pi00 vild flalte-wietd shannele 1a viich the upper bevsdary goeved to y - =, sad with pelyesaial
‘ veleeity profiles of verious orders, that detdh the ssei-iastatte Clow isterval and the coatismity of e
velestly rofile ul the ogge of the bdowadery lager, are respeasidle fer the mea-existoesss of the fafisite
pars of the dinersie apsetrus of Sounded flows. U ¢ flatte diserete aspectrua 10 atill uaalkle te
represest o8 rditrary Al terdasve, vhere ore Lhe alssing cigeavalwee?

It 15 0 85t WBOCENEE CECUFTERse 1B Sigeavalus Predless Lo have cdiy & Flaile €lacrete speeirve. The
resslning perl of (50 speetrus 15 1004 & continusus 0postirus. As otasple Lo Lhe faviseld stabilily
agwatica, whieh has & GONtiouows SpOtrus asecuiated wilh the alagmlarity ot the eriticsl lagers % wes
alreagy sugpeeted b7 Jerdiases (1971) that e Ciscrete viesows Apostrun 19 Suwpplensntied by & eomimweue
spestrus aleng Lhe o, * ! amis e proef by Lis (1961) et & vicosus ooetimmens Spuetral UBEmel akist
fur o bownded flov Goes ool apPly t2 aa wabounded flow. Maek (1976) supperied Jerdinses’s expestatioes by
eessns of a fou suseriesl caloviaticas of contlinuoud-9pocirua ¢ipeavialuee, 804 alse shouwed thatl the
coMimeus *peetrun 15 alvagye Guaped dosavse of he restristion o, ¢ -/l Imnulmn‘mn L)

§ atedy of 10y coaticuous 2p0eirus was sudocguintly cerried oy Sresed ond Balves (1978), whe are
resssasidls Fr elarifyisg saty espestis of Wis predies. uomwmumtm
sust be sestionsd. Jesults Per Lhe Gloerele spatial spestrun of the Blasise domadery ) ve BO0S

gives %y Cormar, Nousten sad Bese (1976).
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7. RARMOEIC POINT SOURCES OF INSTABILITY WAVES
7.1 Osneral remarks

In the previous Seotions, we have been considering the behavior of the {adividual norsal-sode
solutions of the limsarized, quasi-parallel stability equations. This prim.iry attestios to the mormal
acdes has been the usual vourse in sost theoretical and experimectal work on toundaryelayer stabdility. The
fundamental stability experiments of Schubsuer and Skramstad (1987) in low-apaed flow, and ¢l Kendal
(1967) 1n Righ-speed flov were both designed to produce a particular norsa)l mode. Sven the much used ¢
aethod of trsmsition prediotion 1a dased on the amplitude retic of the soet saplified normal mode. In
sost aetual flow situstions, however, & speotrum of iastability wavea ia presest. If the bousdary layor
were truly parallel, the sost unstable 80de would eveatually be the dominan: one, and all of the other
a0des would de of msgligible tmportance. As boundary layers found 1n practice are aot parallel, the
ohanging Reyzolds suaber means that the 1deatity of the most unstable aode also changes as the wave syatem
R0ves dovnstrean, and 2o single mode caa grov indefimitely. Diaturdar e emergy will always be distributed
over & finite bandwidth, If the modes all come fros s single source, or are othervise phase related, thea
interference effects will cause the evolutioa of the widedand amplitude to further depart froa the
asplitude evolulioca of & aingle norsal mode. This differemcs weas vividly demonstrated 1ia the experiment
of Caster and Orant (1975), where the saplitude at the cemter of a wave packet produoed by a fulsed poisnt
source ohanged little with facreasing distsnoe from the source, even though the amplitude of the most
smpiified norsal mode vas increasing seversl times.

The wave-packet probdlem wss trested first by Criminale and Kovaanay (1962) and by Gaster (1968).
Neither the straight wave fronta of the former, mer the caustio of the latter, were observed
experiseatally, because ia each case spproximetions that were needed to produoce swserieal results turasd
out not to be velid. Later, Gaster (1975) odtaimed results in good agreemest with experiseat by replscing
the method of steepest descent used earlier by direst mumeries! lategratioan. Ne was alse abdle to
domonstrate the validity of the method f stespest descent for & 2D wave packet ia a striotly parsslel
flov by exaet caleulation of the mecessary eigenwalues (Gaster (1981),1982s)). Pimally, he showed how to
extead Lhis method o & growisg boundary layer [Seater (19414,192820)), vhere the mean fiow Gownstrean of
the scuroe ia & fuaetios of Beyaclds nuabder.

In this Section, ve shall ezamime & simpler prodlea than the wave pachket, mamely the staticeary wave
pattere pimduced by » harsocaic point sourcs. This wave sotioa has ihe 3480 Dusder 3f space dimensions as
a 1D wave pecket, Sut {5 really & 2D wave propagatioca predies thst is closely related te Jaster's 2D vave
packets. The propagetion space Bere is 1,3, the pland of the fi0ow, rather tham x,t aF ta the latter
prodlen. The fact that the wave Betica 15 two ¢imesnisia) nabes 1t poasidle to odtatn detailed swmerical
rosuits both by sumerisel istagration ead by Gester’s (1981a,19820) cxtession of the sethod of stespent
descent for a growing bevadary lager (Mack asd Zardall (1983)). Ia the poist-sewres prodlsns, 2o attempt
1a 8ade to f1ad a complets mathesatisul 3oivtivn  lnstead It 15 merely sssumed, felleving Gaster (1978),
that the sowres produoss & costinuens Spuetrus of the loast stab’e aereal nodes. Peor & pulsed 20 (lime)
0ures, the spestrud 1is over frequensy; for a pulaed 30 (paist) & wree, Lhe spostrum 18 over freguenny ead
Spanvise waveaunder; for 2 ML " _«16 POLRL Souree, Lhe apeelrum s over spanvise vavesusher. I3 18
uowally, dut ast alvays, sssuned Lhat the speoirel Geasilies are saifors (“white meine® speetra).

The selutien fer a darsonie poist source 1s odtained dy evaluating the integral for the senmples
saplitude over all pesaible spanvise vaveauabers. The nest stiraightforvard aethed 1o te use direat
aunerieal imtagratiea; a secend methed fa to evaluate Lhe Jategral rayaptetieally By the methed of
steapust desoett aa wad ¢oae fer parsilel flevws 9y Cubocl and Stewartaen {19804,19800), and, in nure
éotail, oy Bayfed {1980a,19800). Jeas suserical Pesul}o For Blastus flov were oited by Codeei and
Stevartoca (19800), Dut vithia the fremewerk of the ¢ aethed of transition predietioan. Only the
cxpessatial tera of the amplitude was ovelusted, and the saddle-peist eaidition was the cae fer parsllel
flow,

Buperiseats oa the Merecaie poist seures RMeve beon carried owt by Gilev, Kachasev aad Keslov (1961),
sod Zy Rock and Rsadsll (193)). 1a thess enperisesis, esteasive bot-w
Fhate wvére 8440 18 the Gouastireas o0d Spaawise direstiess 1a &
(1901), » Pourior amaiysis of the dele Jicléed Lhe oblique sersal 908, DUt B0 A0EPAriscms xith theery
vere Sode. Ome aignificsst resuit was Lhe L3
ohoun 18 Pig. V.. 4L Jeast Lhree ¢intinet regioas san

ovey
at the cadler limn. 4 regien of ¢ ‘eave curvelure gredually estesds sulvard s cassapads Lhe eatirs oulve
portios of Lhe veve pattera, whiiec 'ho dinple spressds, flattess and flanlly disappoars. A1) of theoe
fostures are Guplicaled 1a Lhe vove ' .iiers ealoulateds by aunerical Satagretion

Pigwe 1.) shous thet there 15 & sasious 108li2stich of eosh constast-phese 1180 thet L0 Bush
thes the aanly’4 weve 0agle of wasteble sereel sedes. Thia feeture fullews ¢lreetly fros the sethed
ecomet here e saddio-paimt ssndition 118110 the DepmalGe-aumber Gapendest BARLOUS
10 40%:23% Tais rectrietiog vas 00ted 10 sapudiished caleuiations by Nesk sad by Padhye ané Bayfed
(privede cobnmnieetion), o well an 3y Cobeoet end Bievartees (19000).
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The integral over all spanvise wvavenumbders for u:o.dxnuloul vl%clty fluctuation v, (the sudecript
t dehotes time dependence) from a souroe of frequenoy . loceted at x,,z. 18

ultx®,2",t% . up(-lu.t.)[c.(r‘.)up(i((a.u..l.))dﬂ.. (1.1)

where ;'(:-.) 1a the (complez) amplitude distridution function of dimenaions velocity x length, the

frequency ias resl, .

b
TS IY A PR TL PR PO (1.2)

ia the tise-independent part of lb' phuo: snd the vu.nlbor.oo.vounu -. and .“.. sre compiex., The
eigenfunctions are ignored s0 that u, 18 independant of y , and u, oould equally well be considered as any
other flow variadle. This integral will bDe evaluated below by direst anumeriocal integration, amd by an
sdaptation of Guster’s (1981a,1982b) ssymptotic metbod,

7.2 Buwmerical integration

Yo place the souroce st :: s 0, drop the time faotor, and define Lde dimensiosless variabdblas

e, g% 00},
1. D:t.l,. . te. u;-'/J' . (1.3
us \l'lll. . g ?u.lu' »

1

vhere n' 15 the time-independent part of o:. and .rohrnu veloeity s the fresetress wvelooity ﬂ,’

We Bave chosen th- faverse wkit Reysolds nusber - /U, ss the reference leagth 30 that £, a2 vell as

will sstisfy the irrotationality eendition 1n the siaplest ferm, 8q. (2.35,. #iid thaese chojtes, the
tinensicaless £ ard § are the wsual X and 3 Deynolds nunders. The ressce for the serralisstic eomstast I
2= $u the defizition of g will appesr in Seetion 7.8, Vith the definttions of Rqs. (7.2), 8q. (7.1)

doocnes F

u(f,8;7) o (uz-)f.atg)m(u{a:l.lna.! c (1.4) ;

Vits 80 « 0, the phase 1s .‘. [
(U8 .j:' @ .. (19)

£
Vo take ! to be res] for coavesniesce, which means thet we are goiag 1o sum over spatisl aorsal sodes of
the Lype ve have doen using sll sloag. If we write

rlI"QUIOg.. {T.4e)

,‘ a
x,-f e, -“.[e,a . (1.60)
L]

muummuunnmdum' *

o8 (mf a(3exp(or, donat sl M) (1.7
a
&ad
w(2,8) o (V/5)f gillespl-1ilatni  o0e(it)e} . (1.79)

Ve have tahes sdventages of Lhe sysaetry 3a I of g}), 1 . end ¢, Lo restriet the intervel of iskagreties
te the pesitive 1 azis. Oguatiens (1.7) ere the epdeifie l‘nouuo te be eveluwated Oy swaorissl
tategration It is cenvesient to presesti the nuserical reavite in terss of the peal, or cavolepe,
amplitede

a0 o (2o AHVE t1.50)
aad the leea) phase

“e,0) o welluyre,) . tv.oe)

Both of Lhese quadtitics oon Do Eeaswred euperiseetnlly.

The cunerical 1ategraties of Bya. (1.7) procoeds as Mellovwe! ¥1th Lhe dinsnsienless frequwessy F
ogual te Lhe froquesey of Lhe soures, tHe Phede iategrels 1. and i, of B (7.60) sre ovalsated as
fusetions of § with seastast § for & Dasd of spasise vevessllors rrie 10e oigeavalues i{8;2.0). The
Pourior coeine 18tagrols are evaleatod at csougd § statinns at cash £ Lo reselve the wave patters
25801~ odligque "eves are Gsaped, vwith Lbe Ganpiag rete iseressing vwith lLeeressing obliguitly.
Consoyastly, the integruls of By (V.7) will alvape ocawrge fur £ ) £ IF large conugh valuss of ! are
weed A8 208,10 18 and g(]) Lo Lhe Peurieor contae tresefers of u, (8). Ia partieuler, 2Cgif) s Y,
Weau, 188 & xuulurapu.mmmuu-,,

7.3 Mother of stespost Gsperet
™he aethed of suaerienl iategretion 15 Mreightlferverd, st

cigesvalvee fer good resajutisn of Lhe weve patiera. 4 €ifferest to svalmsie the iatagrel of
By (TA) copuptetionlly 87 the Sethed of stonpest Gnseeat,
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osrtain resulta to be odtained with fower caloulastions, and also has the advantage that the dominant wave
st each £,2 aeems to correapond direotly to what is observed.

Equatfon (7.4}, with g(f) = 1, is written
u(f,t) = 51.: (llzn).{oxp[(l-!.)@(ﬁ)]dﬁ g (7.9)
where C is the contour of steepast descent in t.lfc complex 3 plane, and
(3-2,) ¢ %';u;am . 132, . (7.10)

;]
The 1isit R ‘~1is taken with R/(f-8,) tsld ocnstant. The ocondition for the saddly point £o 18

‘dwﬁ s« 0, (7.11)
which is equivslent to the two real conditions ,
x
j’:‘\,(‘a:'./aa),a a -1 , (7.128)
x
s la/af)gat w0 . (7.120)
L]

These integrals are evaluated with the complex ? held oconstant, so that we are dealing with spatial waves
that astisfy the generalized irrotationality oondition of kinematio wave theory.

The saddle-point conditions of Eq. ‘7.12) are of the same type as introduced by Gaster (1981a,1982d)
for 8 2D wave packet in a growing boundary layer. Usually the saddle-point method i{s applied to prodiems
where the wave-propagation medius (hers the boundary layer) is indapendent of £, but Gaater demonstrated
the correctness of the present procedure when the medium ia a funotion of £. In a striotly parallel flow,
the boundary lsyer mects the more restrioted requirement of £ independence, and the saddle-pnint
conditions sisplify to

(038), = ~2/(2-1,) , (7.13a)
Wy e0., (7.13v)

For a constant-frequency wave,
(3 08) 0 =(n/ 3RV xdoli) 2 «tan o, (7.18)

where : {s the complex angle of the group-velocity vector, and we ses that the parallel-flow saddle-point
condition 1s equivalent to requiring the group-velocity angle to be real. Consequently, the odserved wave
pattern in a parsllel flow conaiats of vaves of constant complex spanwise wasvenumber ge aoving along
group-velocity trsjectories in the real £,f plane. This saddle-goint condition hasa been applied toa
growing boundary layer by Cebeci and Stewartaon (1980a,1380b) and by Neyfeh (1980s,1980d). Thia procedure
can yi. .. satisfactory resulte in s restrioted region of tbe £, plane, dut cannot be valid everywhere as
the correct asysptotic representation of Bq. (7.9) is in terms of Eq. (7.12) saddle points rather than £g.
(7.18) saddle pointa. The "rays® defined by Bq. (7.12) sre not physical raya ia the uaus) sense, Foras
cosplex [, that satisfies Eq. (7.12), R 1a complex at all !)l exoept at the final, or observation, point,
The tujootory that is traced out ia the £,8 plane by uu.rnu Bq. (7.12) at succesaive £32 for the
same (? ),. has a different (Pq) at each point. In a parallel flow, a single normal mode defines as
entire rny. here & airgle norsa. :o‘o defines only a single poinmt,

Vith ¢ expanded in s pover series in “Bo' and with only the first nonsero ters retained {(assusing
it Sa the second derivative), 3. (7.9) becomes

u s (1/727)expl (-2 M},)]fuvtuz(o’v a;’).,(l-l Wito)?ley; . (1.15)
Ve write -
C20r53), o bexpling) (1.168)
©
e ® Slulp(lﬂ.) . (7.160)

where 8 is the path leagth msasured fros the saddle point, and ug 18 its fnclination With the contour C
seleoted to pass through Eo from left to right st the ocoastant anlo g ® =ia/2, the final result i»

u(g,8) o [(1/27)(2-2,)D1" 2exp((8-2,) (], ) Joxp(1(n/0erg/2)] . (.41
leplacing 5. £, Sand 2oy D, B, 5 snd B, vhere the reference length ja L% or 2q. (2.57), we obtagsa
u(R,®) o (2/90) Y 2aap(arg o 1) (1.18)

wirere 2
D ze‘[ﬂozws')a 15 (1.19)
e® 2o, REJeRe B ) WA ex/N 82, {7.20e)

L
xy v 2f dimis e o ()0 (7.200)
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and "'d is the argument of the cosplex integral in Bq. (7.19). We continus to use £ for thas s-Reynolds
number,

3 ﬁ"F%

In these varisbles the saddle-point oconditions are

2f Gare) nen s -t (1.218)

®

R
f (3a/3R) RdR w O (7.21d)
R

With the parsllel-flov saddle-poin conditions of Eqs. (7.13), Bq. (7.18) 1a st11l velid, but D and 8,
have different meanings. With <5/38° constant,

D= (R2-R) (022 (1.22)

i

it v

and “, 18 the argument of -2‘?/'.*;!2 rather than of its integral,

For a given R snd £, a doubls iterstion prooedure 1s needad to find the plax go that setiasfine
Bq. (7.12). As each f{teration involves the recaloulation of siganvalues snd 3°4/3 _52 from l. to R, the
computational requirements srs large. If only R s given, then an itsrstion of al for a ssquance of ﬁ,.
will produce the wave pattern st that R with such less computation, but the speoific £ at whioch the
amplitude and phase are calculsted will not be kmown in advance, Or, both ﬁ, and g‘ can be specified, and
R advanced unti]l ths integrsl in Eq. (7.120) changes sign. This will not always happen, but when it does,
a ssddle point and ita locition in the R,& plane are obtairned without iterstion

e

Because of the itsration requirement, the ssddle~point method 1s lesss suitad then numariocsl
integration to the dotailad calculstion of the antire wave pattarn, dut it can sors readily produocs
results st just a few locations. Its grsatest sdventage, howsvar, is that along ths csnteriine (3 s 0)
the amplituds and phase can be obtained st a apecified R without iterstion, and s singls integration pase A
from R, to R produces resuits at all intersediate R st which eigenvalues are calculated. This is poasidle k
because the saddle point is st ! = O all slong ths centsrline, and only Bq. (7.19) has to be used, and not
£q9s. (7.12), Vs can alec note that there 1a no rasal saving by uaing the spproxisate Rq. (7.22) in plsce
b of 2q. (7.19), because “,7:1° has to be calcoulated in any cass, and only the nuaericsl integration of

this derivative {a sliminated.

7.4 Superposition of point sources

¥s can 19sgine sources of inatability waves to ocour not just #s sizgle point sources, bdut s
sultiple point aources snd as distriduted sources, For ssvarsl discrete sources, the formulss of the
preceding Secticn apply, and we just have to add the contridutions from the various sources. We ocan use
this same approach for distribuced souroes: The distriduted source ia represented by discrete, olosely
spaced, infinitesimal point souroces. In this Seotion, we apply this idea to line sources.

Ve replace the funotion ;'(:.) in Eq. (7.1) with a more genersl funotion

s, @ 8 & e, @ o0 9 "

g ax8) -amn_(-,.:,m.u-.) ' (7.23)
where u:, the source strength, has the sass dimensions as u:. and : {8 ths arc length slong the aouroce.
We sudstitute Eq. (7.23) into Bq. (7.1) without the tims factor, use ths definitions of Rq. (7.3}, end
arrive ot

Lu(R,8) o (1/2-)u.f.f.,ru-?)u;u-)as (7.2%)

o "7, ane .

(:8,8) -fm . UBY,) . (1.28)
x

{ finite-langth source which extends froa si ol (2,.8,), to 82 » (2,,8,), vill produce ot 2,0 the valocity

tor tge gontribution to u st 2,8 of sn infiniLsaisal line souroe at !‘,I,. In 3q. (7.23%), u = U:IU:. L e
u
I

[l

[P -
g u(,tj (u.'Z“J U.Q,‘.[((,S)up(h)d_ﬂ » (7.2%)
sl
whare the ' integretion proceeds along the line souroce.

As ths staplest possidle example, ve spply Ba,. (7.25) to a 2D inafinite-longth line source, 1.0, a
source ubloh extends from f-< to «= at a coastant R, VWith g(%) s 1, so that all oblique norsal modes
Bave the sase fnitial amplitude and phase, we obtain

wt) » 072 fu,, f emtscar (1.26)

The integral over 1, must ccaverge because the [ integral is just the poimt-source sol tiom Bq. (7.3). &
physical iaterpretstion of Bq. (7.26) 1s that 84. (7.3) can be regarded as either the distridution of u
with respest to L ot the olservetioa station £ €ue to o single source at £.,0, or 3 the variatiz. of u st
the sisgle odservation poiat £,0 as the poiat sowree st §, soves from §,-~to § <+, Comsequently, if
the point-source solutisn 15 weighted by u, sad integreted vith reepect to £, the resultant asplitude and
phase st 4o that produeed by az infiaite-length spaswise liae seures.

At G, the phase fumction 1 resuces to 1(B-1,) sat By. (1.26) beccmes

3
o o#
A E

L Y

", nn-{..clJ cos(“(8-8,)]6} . (1.21m)
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We recognize the ? integral as the Dirac S-function:
cos[f(8-2,))df = 27 £(2-8,) , (7.28)

Therefore, u(f_,f) = u_ as {t should, snd we see the reason for the factor 2r in the definition of the
function g in Eys. (7.’) snd (7.23). Thus when applied to an infinite-length line scource of constant
asplitude A, and of constant phaae, Bq. (7.25) must yield the amplitude ratio Ay of a 2D norsal aode,
Thia proporty pf the point-sourae molution ot{o{. & oconvenient check on numeriocal reaults. Furthermors,
1f ug = Agsin(f 9.) (standing wave) or A _exp(ii s,) (trayelling wave), Kq. (7.25) will give the amplitude
rstio of an oblfqua normal mode of spanwise wavenumber ﬁ,. Applications of Eq. (7.25) to finite-length 2D
snd oblique line sources have been given by Mack (1984a).

7.5 MNumerical and experimental results

The wave pattern behind a harmonic point source of frequenoy ¥ = 0.50 x 10" located at 1_ = A85 has
been worked out in detail by Mack and Kendall (1983). Ve shall quote a few resulta here, $I;urc T.2
gives the centerline amplitude distridution downstream of the source aa caloulated by numerioal
integration from Bq. (7.7) with Q(R) =z 1. The asplitude distribution of the 2D normal mode 1a shown for
comparison, where A, has been chosen Lo equal the amplitude at R = 630. The initial steep drop in the
amplitude is rever near the lower branch of the 2D neutral-stability curve, bdut this first ainimua is
folloved by a broad second sinimum before the suatajned amplitude grcvth ge'.s urder vay, The peak
asplitude ocoura at the upper-dranch location of R = 1050. However, the magnitude of the peak amplitude
is less than half of the normal-mode amplitude. The reduction in amplitude is due to the sidevays
spreading of the wave energy in the point-source probles.

The wave energy also spreads {n the y direction decause of the growth of the boundary layer. This
effect 1s not inoluded in the caloulation because of the use of parallel-flow eigenvalues, even though the
correct Reynolds-number dependent eigenvalue have been used. In the point-source vave-packet prodles,
Gaster (1975) fcund that the boundary-layer growth oould not be ignored, and he introduced a correotion
based on a simple crm argument, With the aasumption that the wave energy is proportional to the square
of the amplitude, A° would be oonstant in the absence of damping or upuﬂof} on or sideways spreading.
This a gument asuggests that the amplitude fros Eq. (7.7) de multiplied by I~ to correct for boundary-
layer growth, and the result is shown in PFig. 7.2. This correction i1s aizeable, and if correot cannot be
neglected.

A characteristic foature of experimental phase measuresenta on the ocenterliine is that if the phase is
extrapolated backvarda to zero the appsrent location of the source is downstream of the actual souroce
location. Pigure 7.3 demonstrates why this is so, The phase initially risea at a slower rate, and it is
osly after an adjustment in the region vhere amplification atarts that the phase then increases at the
faster rate of the measurssents,

The centerline amplitude distridution has also been calculated from Eq. (7.18) of the zxtended
saddle-point method. Starting st about R = 650, the saddle-point results are virtually identiocal with
those obtained froe numerical integration in bdboth smplitude and phase. Kven the parallel-‘low saddle-
point method giviv a good result to about the region of maximum amplitude, after vhich there is a slight
departure. Conseguently, Rq. (7.18) gives us & way to obtain the centerline amplitude acourately
everywhere excep. quite close to the source with only a little msore caloulation than is needed to obdtain
the norsal-sode lIAo.

The important question uwov 18 whether or not the asplitude distridution of Fig. 7.2 hes anything to
do with an experimentally determined amplitude. The answer is given in FPig. 7.4 (Maock and Kendall
(1983)). Por the same conditions as the caloulations, a bot-wire anemcometer was moved downstreas in a
Blasius boundary layer. At esch Reynolds number station, the maxisum fluctuation sampislude in the
boundary layer was detersined by a vertical traverse of the hot wire. The sourcé strength vas well within
the renge for which the response at the hot wire Caried linearly with the source asplitude. The amplitude
ia rig. 7.8 13 the actusl measured asplitude expreased ss a fraotion of the freestrean velocity., The
level of the calculated amplitude has been sdjusted acoordingly. The oaloulated amplitude increases sore
rapidly than ia the experiment, but the Gaster correcticn for boundary-layer growth makes the two
amplitude distridutions identiocal up to about N s 890, whers the measureaments depart sHruptly fros the
theory. This disagreement was traced to a favoradle pressure gradient oa the flat plate that started
precissly at the point of departure. The good agreement in this one exasple of the caloulation with the
GCaster growth correotion and the Jeasurement ip the tero preseure~gradient region, while hardly
conolusive, does suggest that when desling with wave motion over sany vavelengths, the growth at the
boundary layer osnmot be meglected.

The off-centerline wave pettern is of oconsiderabdle ocomplenity, a8 shown by Gilev et al (1981). The
peak amplitude ooccurs jaitially off oenterline, and it is ocaly vell dovastream of the souroce that it is
found on the ocenterlims, 4 typioal ocaloulated spenviss amplitude and phase distri: . fcu is showa in IMg
7.5. The ocomplex svolution of the phase that appears in Pig. 7.1 is reproduced quite olosely by Bg.
(7.7), but the cslcuiated off-centeriine ampiitudc iz less exact. Indoed, the naddle-poinmt method, evenr
18 1te sxtended form, falls to give off=centeriine saplitude peaks of sufficient magaitude, and only
sgrees wall with the suserical-istegration results after these peaks have disappearcd. The parallel-flow
saddle-point nethod fails badly in caloulatiag the off-conteriine wave pattera. The difficulty of
correstly computing the amplitude with tha presest methods 1s prodadly related to the complicated mature
of the eigeafuactions, whioh in much of the wave patters bear little resesblance to coaveaiiocsal asorsal-
scde eigeafunctions, Iz order for ampiitude saloulations te agree as wall with experimest as do the phase
caleulatisns, it will be neosssary %0 imelvde the aigenfusetions im the saleulatioms. However, svea vwith
thia iimitativa, the mumerical-integretioa sethed ¢oes remarisdly well im reprodusing the nesssured wave
pattern, and provides saother oxample of the wiility of limesar atability theory im dealing with poimte
souroe prollens.
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§ PART B. COMPRESSIBLE STABILITY THEORY

8. FPORNULATION OF COMPRESSIBLE STABILITY THEORY

8.1 Introduotory remarxs

The theory of the stability of a ocompressidle lamivar boundary layer differs sufficiently froa the
inooapresaible theory to warrsnt being treatad as a zeparate subject. The basio approach and many of the
1desa 2re the same, and for this reason the inaompressidle theory can be regarded as an indispenssble
prelude to the study of the compressible theory. For example, all of the material ia Sections 2.2, 2.3
and 2.6 spplies also to the compreasidle theory. The motivation for the study of the atability of
compressible boundars layers is the probles of tranaition to turbdulence, Jjust a&s it ila for the

L inocapressidle heory. Hovever, the relation of stadility to transition is even more of an open question
than at low speeds. EKxperiments have been performed that firmly establish the existence of {natadility
waves {0 supersonio and hyperscnic boundary layera [Laufer and Yrebalovioh (1960), Kendall (1967,1975)],
but there are none that really desonstrste when, and under vhich oiroumstances, transition is &-tually
caused by linear instability, A series of stability experimenta with “nmaturally® ocourring trensition in
wind tunnela has been oarried out dy Demetriades (197T) and Stetson et &l. (1983,198)), but many of their :
observations have yet to be reoconc‘led with theory. Mention must alzd be made of the remarkadle flight
experiment Uy Dougherty and Pisher (1980) that is probadly the beat evidence to date that transition in a
low-disturdsnce eanvironment st supersonic speeds is cauaed by laminar instabdility. FPor further

information on the intricscies of transition ct supersonio and hypersonioc snheeds, we reocoamend a study of
the report by Morkovin (1969).

The first stteapt to develop a compreasible stadility theory was made by Kuohemann (1938).
Viscoaity, the mean temperature gradient &nd the ourvaiurs of the velooity profile were all neglected. 3
The latter tvo sasaumptions later proved to have been too reatrioctive, The most important theoretiosl
investigation to date of the atability of the compreasidle boundary layer was oarried out by Lees and Lin
L (15%6). They developed an asyaptotic theory in close analogy to the incompresaidle asymptotic theory of

APy

Lin (1988), snd, in addition, gsve detalled conalderstion to s pureiy invisoid theory. The Rayleigh
theoreas vere sxtended to compressidle flow, and the eoergy sethod vas used as the basia for a disousaion
of wavea moving supersonically with respeot to the freeatrsas. The quaatity D(.DU), where D = d/dy. was
found to play tbe same role in the inviacid compressible theory as does DU in the incospressible theory.
As & consequence, the flst-plate oompressidle boundary layer ia unstabie to purely inoviaoid waves, gquite
unlike the incompressible Blasfuc doundary layer vhere the instabilicy 1s viscous in origin

The cloae sdherence of Lees snd Lin to the insomspressidle thecry, and the inadequacy of the
ssyaptotic theory except at very lov Maoh numbdera, meant that some major differencea between the
incompressible and compressible theoriea were not uncovered until extensive caloulations had been carried
out on the dasis of s direot sumerical solution of the differential equations., In the incompreasidle
theory, it is possible to make substantial progress by ignoring three-dimensicaal wavea, because a 2D vave
vill alvays have the largest smplitude ratio at sny Reyoolds nusber. This is po longer true above sbout a
Maoch number of 1.0, A second notsble difference is that in the incompressible theory there ia s unique E.
relstion betveen the vsvenumbder and phaae velooity, vhereaa in the compresaidle theory thero ia an y
infinite sequence of vavenuabera for each phaae velocity vhenever the mean flov relative to the phaae &
velooity ia supcrsonic [Maok (1963,1964,1965,1969), Gill (1965)]). These sdditional solutions are oalled 1
the bigher modes. They are of practiocal faportance for bouudary layers because {t {a the first of the
additional solutions, the second mode, that ia the sual unstable sccording to the iavisoid theory. Adove
about My = 3, 1t is also the most unstadle at almost all finite Reynolds numbers.

Subsequent to the work of Less and Lin, s report of Lees (1947} presented neutral-stability ourves
for jnsulated-wall flst plate boundaury layers up to M, = 1.3, and for ocooled~vall boundary layers at N, s
0.7. This report also inoluded the fasous prediction t cooling the wvall aota to stabilise 'he boundery
1syer. However, this precdiction must be conaidersbly modified because of t25 existence of the higher

A R

e

)
nodes. These B0des require for their sxistence oaly a region of supersonis relstive flov, and thus cannot i
_ be elimirated by ccoling the vall. Indeed, they are adtually deslabiiisad by cooliog (Meck (1965,1969)). %
8.2 Linearised parallel-flow stadility equatioms %
¢ ? A ocomprebensive acooust of the coapresaidle ziability theory must start with the derivation of the %
5 goveraing equations from the Ravier-3tokes squations for & visoous, heat coaduoling, perfect gas, wvhick in ™
E dimensional fora are - - e z
p: "W [1%] 0y =
i -8 1 1 s
LR R R (8.1a) 3
b] § =
BT LN -0 3
AR ) C (8.15)
. -8 -
I TERY cOFm 0 o0 O 20 oC
V'.ag. + u} " ‘l.( J";} . U.U . (8.10)
b} b
o ot 8~
AP (. 10)
where
-0 Lo0
s T £
TR A = (8.20)
In £} Y
1 1
L [ 23 2 : . -® e -
VIR VI L I SV *.2%)
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Again asterisks denote dimensionel quentities, overbsrs time-dependent quantities, and the summation
conventjon hee been adopted se in Section 2. Tre equations are, respsctively, of mosentus, oontqwny.
energy snd l}‘t.. The quantities whioh did not appear a.n the 1noonpruublo.oquuou are T, the
temperature; * , the coefficient of thermal oonduonvﬁn R, the gas oonstant; q,, the specific heat et
constant volume, whioh will be assumed constent; and . , the cosfficient of second visoosity (s 1.5 x bulk
visoosity coefficient).

The stsbility equations ars obtained from the Navier-Stokes equations by the same prooedure that was
used for fnoompressidble flow fn Seotion 2.1. First, ell quantities ere divided into mesn flow eand
fluotuation terms. With primes used to denote fluctuations of the transport coefficient,

u. - u. o u. . ,. . ’. o ,I .

.. . *etert, (8.3)
-® [ ] e -® [ ] " s ] [ ] e

w 8. ¢, s v B ’ A B ®, .

vhers the firet varisble on eech RHS is » steady mesn-flowv quantity, and the second ie sn unstesdy
fluctuation.

Next, the equetione sre lineariszed, the meen-flow terms ere sudtrected out, end, finally, the
parsiiel-flow assuaption is I'd.. The resulting equations are then made dimensionless with respect to the
local freestress velooity 0;, e reference length L, snd the rnut:ou.uluu ‘r all state Vlril‘l‘l
({ncluding the pressure)., DBoth viscosity coefficients ere referre. toi;, snd » ie referred to o i),
whei‘e o, ia the specifioc hest at constant preeeure. The trensport coefficients ere funotions only of
t.lml?\ll‘., 80 that their fluctuations oan de written

-t s (du/dT)", v a (4s/61)9, M e (8W/4T)0 . (8.4)

Therefore, ., snd . in the following equetione, along with ., are meen-flow quentities, not
fluotuations. The dimensionless, linearized x-mcmentum equation is

N, dv u L)
' (1‘_!- * b‘:; * de M “Z!z) - Kz Ax
™
2 2 " 2 .2
1,, ¢ 4 y ) f
&kﬁ‘.. -:‘;0,(-~~"2-'4--‘;v+—-v—¢‘¥)
' X ¥ ax u‘l“y i3 G} 4
:2\: .vzv :Zv d;. dT J
¢ SGey(2 LY IRV, S AL LA B A
3¢ )("2 ¢ wmay ' e * 4T dy ('dy * ):)
4 &t du &
e 4. G, ddldy, (8.50)
4T dy‘ dy 1y de dy dy
The y-sonentus egustion is
bl
Vo wy oo o L ‘v
AtV a v 2y tale
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> v L1 2 2 2y 2y
AN S S P R L TEE L S |
x* sz KA A TRy
el
R L TR AN IR LI e
sy 47 dy 1y dy x d, iz
a4t dey AT cu oy | oow
AP S Ol Sl R (8.50)
he s~aumenius equetioz {8
v ‘v ™ ~, . L p
.(‘;‘l' OU§.¢vd,0Hj‘) -“23‘
1
2 2 P4 2 .3
NI Rt e by L,
T e - Iyl Iniz
by hd b
b UL N 2 . N " dp 4T v ¥y
R “Nh oyt ) * a1 dy (3} ‘!
R P
& N, @ aw
3 ( L B . - e8] .
- AR~ o :;} bl (8.3%)

T™he contisuity equation 1s
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Jr v dv | dw dp i ar (8.5¢)
at x tas ity g ti gty = 0.
The energy eguation is
(e dr o du v av
h('l + U "X dy + W ;’!) - ('-1)(;’8 + ;y + :’l)
ol 2 2 5
ol BES [l L LN T | 2 ded T el
SR uZ .y?. ,.;2 v dT dyZ v dT dy dy
2 2
1 4% 4T 1 dU dg | ov
+ Dl ey i end Lz 4 e Y
_drz(dy) ]+ 1y lRludy(ny i
o Wy, @ty Ty (8.50)
gy Yty tar Ydy a7 ‘dy : oel
The equation of stats is
peEr/. & 8T, (8.51)

Previously undefined gquantitiss whioh appear in these equations arp ‘l ..tba local Naoh number at ths edgs
of the boundary laysr; 1, the ratio of specifio hsats; and e o i )( ¢ ths Prandtl nusber, which i{s s
function of tempersturs. BSquations (8.5) are the oonpuuibl’l oounterparts of ths incomprsssidle
stadbility equations (2.5), and are valid for a 3D disturbanoe in & 3D meen flow. It should dbe noted that
unliks most compressibls stability analyses, Kq. (8.5¢), the snsrgy equation, is valid for a variable
Prandt]l number. Ths constest Prandt]l number form is recovered by replacing * with L in the three terms
in which 1t oocurs.

Ths doundary conditions at y = 0 are
u(0) = 0, v(0) = 0, w(0) « 0, #(L; » 0, (8.6s)
The boundary conditions on *hs vslooity fluctustions are the usual no-slip oonditions, and the bdoundary
condition on ths tespsrature fluctuation {s suitabls for s gas flowing over & 30lid wall. Por almost «ny
frequency, it is not possible for the wall to do other than to remain st its mean tssperature. The only

exception 1s for a stationary, or nsar stationary, crossflow disturbance, when 9(0) = 0 1s replacsd dy
DH0) = 0. The boundary conditions at y * - are

u{y), v(y), wly), p(y), “(y) are dounded as y - - . (8.60)

This boundary oondition {3 less restrictive that requiring ail disturbanoces to be sero at i{nfinity, dut in

supersctic flow waves may propagats to ({nfinity and we wish tc {nolude those that do 80 with constant
aaplitude.

8.3 Normal-mode equations
Ve Dow specialize the disturdances %o normal modes as ia Seotion 2.3:
fu,vonepor, 017 o 1803),93),00y),8(3) ,M7) . 8(x) 1Tonpls fudse s~ £)] ,  (8.7)
vhere we bave adopted the Quasi-parallel form of the ocomplsr phase function, Ths norsal modes may grow

sither temporally or spatially or botk, depending on whether . or k, or both, are coaplex. The
discussion {n Section 2.3 applies to the coapreasidls theory juat as well as to the {nccapressidle thuory.

When £qs. (8.7) are substituted tnto 2qs. (8.%), and the sams licear combinations of the x and 3
sopentum equatioas forwed as in Seotion (2.3) for the veria’lss

e e B,

:; . j' - ;*ﬂ N (.'.)

ve obtain & systam of equations whioh are the cosprensibly counterparts of qs. (2.36). The momeatus
equation ia the direction parallel to the wavesumber veotor Kk 18
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The momentum equation in the direotion norsal to k 10

v (401 VetMa ) T o ( IDM=FDU)P] = ; (iR - (12412)7]

1 dy R . . . 2 .
o R Ldr 07 D9 o F (0BesD?0R o (G5 08 o Uk DT ) (iD6D0)] (8.90)
oy
The continuity equation ies
1 (1DecWa )P +p(D¥e13G) ¢ Dp ¢ 0 0 . (8.94)

The ensrgy equation s

L1 (\DekMen) o DT 0] & = (y = 1) (D¥+Lid)

A RN P LR A & on2)s . L oot

* 0 - mti v (12,0 D0eDN)® o e ?w’.w’)s

o 3 [(D0exDW) iDa + (DM-rDO) Du)) (8.9¢)
The oquuolaﬁ;f state 1s

Bat/ o T . (8.91)

To reiterate, in these equations the eigenfunctions of the fluctuations are funotions only of y and are
denoted by a oaret or a tilde; the mean-flov velocities U and ¥ are also functions of y, as are the other
sean-flov quantities: density, (s« 1/T), tesperature T, viscoeity coefficients .. and’ , thermal
oconduotivity oocefficient - , and Prandtl nusber. The specifio heats are constant. The reference velocity
for U and ¥ {a the same 88 for R and M, and the refersnce length for y is the same &8 in R

8.« First-order equations
8.1 Righth-order systes

Equations (8.9) are the basic equations of the compreseible stadility theory, but are not yet ina
fors suitable for numerical coaputation, For this purpose ve need a systes of first-order equatioas as in
Section 2.5.2 . Vith the dependent variablee defined by

Z‘llﬂor', z.‘,-u,. 131',
3o 8, e 0, A (8.10)

L’ln.-:‘ﬁ. 1‘1011,
Equations 2. 9) car be written as eight first-crder differential equatioms
By (y) = 'U") (0, (11,8, £0.11)
-1

and the faot that this reduction is possible provee that Eqe. (8.9) constitute ab eighth-order systen.
The lengthy equatiocns for the matriz elemente are 1listed {n Appemdix 1,

The bouadary conditioas are

,(0) » 0, x,(o) « 0, 24(0) » 0, L0 e 2, A
(8.12)
Ly I4(y) L(n ., 2,(y) bounded as y - .

8.4.2 3tixth-order syetea

Quations (8.11) ean Do selved by the ssne mumerical techaiquss as used for the fourth-order systea
of Lthe {ncoupreesidle theory. However, the faet that there are 16 real equations and four fadepeadent
solutiocns means that the computer Lime reguired te saloulate aa cigeavalwe e iroressed by several tises.
It 1o therefors 1aportaat Lo kaew 47 L 12 poaaible Lo Bake use of o systenm of lesser order, as ia the
1206apressidle theory whare the Jriginal sisth-order syotes could do redioed to fourth order for the
¢otoraimtiion of eigoavalves. Ue note that for a 2D wave 1a a 2D deusdery layer, the zystee already is of
oaly sizth erder, 85 there caa b 0o Welolity ceapossat, cither meas or fluctuating, 1a the 2 ¢irectioa
1s there an azaet reduation aveiisble frem oighth to aisth srder? The answar, uafertumately, as seatiocned
oy Duan and Lia (1939) and explicitly demenstrated by Reshotke (1962), is mo.

The theery of Duas and Lia (1993) achieved the redustion Lo aikth order by am oréder of sagaitude
srguaent valid fer lorge Reynsids sumbders. The setivatioa wes to put the equations 12 a fera where aa
tuproved 2D asyupietis theory eould o applied Ko oblique waves ia a 20 boundary layer. Nowever, asither
this thesry, aor ¢irest smderieal ssluticas of the Dwae-Lin sisth-erder aysten of eguatiocss,
give adoquate suserioal results adove & ilovw supereeaie Nash suabder.

i
:

Yo say cdeerve frea the cosffistoat satrix of By. (B.11) 1isted 1a Appondiz t that the ealy ters that
esuples the Firet aix eguations to the last twe is This eeofficicat e0ges frea the last ters of the
energy squation (8.9e), 18 one of four diosipation torns. IL 18 Lhe product of Lhe gradient of th
sean veloeity soraal Lo k and the gradieat of the Flustuation velesily in the same direetion, It wad
progossd by Nask (1969) o eimply set this tere equal 1o sere, 088 wie the resultast sizth-erder systen
for the calenlation of sigeavelues. The sunerical ovidenss, ot ¢iscwannd further ia Sestisa 104, 1s that
onoept ssar the oritiss)] Reymslds susber this apprenination gives applifisatien retes vwithis a fou peresat




5 of those obtained from the full eighth-order system, and is most eccurete et higher Mach numbers.
i3
% 8.6 Uniform mean flow

£

In the freestresmn U = U,, WaWy, Tal,unl,rs 1/04, 011 y derivetives of mean-flow quentities
are xero, and Eqs. (8.11) reduce to o system of equetions with constant coefficients. In spite of the
grester complexity of these equations compered to those for incompresaidble flow, ve are still eble to
arrive st analytical solutions. The lengthy derivation is given in Appendix 2 [Maock (1965e)). The exect
freestream solutions are the ones to use to caloulste the initial values for & numerical integretion of
Eqs. (8.11), but they do not lend themeelves to a reedy physiocel interpretetion. For this purpose, we
examine the 1imit of large Reynolds number. The characteristic values simplify to

4,2 = 3 Li2eZad(wgeni -2, (8.130) ;
‘3,0 0 [ARCgeng - V2, (8.13b) i
‘56" 3 (4010 eoMy =0 11/2 (8.130) %
'7,8° ‘34 (8.130) ;

We csn now identify our solutions es, in order, the invisoid solution, the first viscous velocity
solution, s viscous tempereture solution, which i{s new end does not appesr in the inoompressidle theory, ]
and the second viscous velocity solution, We shall only use the upper signs in wvhet follows, as these are i
the solutions wrich enter the eigenvalue prodles. :

The components of the chareoteristic veotor of the invisoid solution are
“(1) T ‘2.1.2)112 .

(8.14a)

I N T TR UV RO, (8.14D)

R T I R VR A (8.1%0)

| T R} R M L R (8.124)

The oormalization has been changed to ooriespond to the incompressidle solutions of E3. (2.50). It can be
ooted that these expressions are oorrect wvhen wve set H, = 0.

The components of the c(harsoteristic vector oorrcsponding to the first visoous velooity solution are

4,3 ., (8.158) :
MO PRV RS UL (8.15b) :
Vo, 430, (8.150)
| | This solution is identiocal to the ‘3 inoompressible solution only {a the limit of large Reynolda oumbers.
The ocomponents of the charaoteristioc veotor oorresponding to the viscous temperaturs solution are ‘
: 1,9 0, (8.16a)
: 4,9 o 0 ggeny- V2 mV2 (3.16b)
W9 w0, 3, (8.160) ;
The componants of the chareocteristic vector corrvsponding to the seocond visoous velooity solution are z
Mo, Mo, 4Mao, &Mso, (8.110) i
LT e, (8.170) %
T O L T R N L (8,170)

This solution 1s exact and is the same spezwise viaoous weve sclution as in {noompressidle flow.

¥e may odbserve that the visocus veloeitly scluticas heve oaly fluoctuations of veleooity, not of
pressure or tempereture. The velocity fluctwatioms ia the 3,8 plane are in the direction of K for the
firet solutioa, and are sorsal te k for the second solution which 18 pericdie caly ia tiee. The visoous
teaperature solution has ne velooity fluctuatiens in the _l,l.'lllt‘ or pressure fluctuations. VYe say
regard these Solutions es the responses to sources of w, v and v, sad to saphasize thia faet the
respective sclutions have deen normalined Lo make these quantities uajty, The second viscous veloeity
solutioa still has the iat.rpretation of a sorsal vortioity wave, as {a inecspreaaidble flow, but this uave

canpot eXist a5 » pure m0de 1a Lhe boundary layer (Squire mode) besause of the agy disaipstion term that
oouples the latter two of Bqe. {4.11) to the first sixz equaticaa.

9., COMPRRASINE INVINCID THEORY

9.1 Isviseid squations

1a ccapresaidle flow, oves flat-plate boundary layers have iaviscid iastability, and this ifmstability
1screases with {noreasing Nash sumbder. Therefore, the imviseid theory 13 sueh sore useful ia arriviag at
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an understanding of tiis inatadility of cospressible boundary layers than it is st low speeds, Indeed the
initial detailed numerioal working out of the viscous theory [Mack (1969)] was greatly facilitated by the
inaight offered by the inviscid theory. In the 1imit of infinite Reynolds number, Egs. (8.9) reduce to

ple(ubet¥eulat o (1DUeEDN)]  w - tlaer @ (BAM2) . (9.1a)
1XaGeB-u)® = ~DB/YIE (9.1v)

1(ats BM=wiw + (aDM-3DU)® » O , {9.10)

$OH0e M=) o (DOei) ¢ D ¢ 20, (9.14)
Fl1(100 M=) & DT 0] = =(r=1)(DPedi) (9.10)
pabooe T (9.10)

We noto that the v momentusm equation, Eq. (9.1c), and the energy equation, Eq. (9.1e), are decoupled froam
the other equations. Therefore we can eliminate iu and P from the latter to arrive at the following two
first-order equations for ¢ and §:

{30+~ )DY s (aDUesDM)¥ o 161 2682)(T - Hf(uﬂodu-w)/(uzoﬁz)}(ﬁlvlf) (9.2a)
DIB/TMYZ) o =1, (uDetW=u)? . (9.2v)

These equations are the 3D compresaible ocounterparts of Eqa. (3.12). The boundary conditions are
%0) a0 , $(y) is bounded as y * =, (9.3)
The inviscid equations can be written in a simplified form if we introduce the Mach number

Moo (10schel)ly /(12021 /20172 (9.4)
For a temporal neutral yave, M 1s real and is the local Mach mumber of the mean flow in the direotion of
the wavenumber veotor ¥ relative to the phase velooity - /k. 1In all other cases, M is complex, but even
30 we shall refer to it am the relative Mach numsber. In terms of M, Eqs. (9.2) simplify to

D(#/(: Verk=c) ] » 11-H0) (B/THE) (9.58)

DB o -1 2( )8/ (e W) (9.50)
We observe that theae equations are identioal to two-dimenajonal equations (2s 0) when written in the
tilde variables of Eq. (2.317). Therefore, invisoid instadility is governed by the mean flov 1in the
direotion of k, just as for incompressible flowv. Rither Eqs. (9.5) or (9.2) can be uaed for aumerical

integration, but the latter have the advantage that ¢ 1s & botter dehaved funotion near the critical point
than 18 /( Usr¥=l),

fquation (9.5a) is the familiar linearized pressure-area relation of one-dimenaional Zlov. The
quantity #/(:Uer ¥We.} 15 the amplitude fubction of ths atreamtube srea ohange. The other flow varisdles
can be written i{n a similar manrer as

we (oo ¥ (nuu 3 opf v )) (9.6a)
IL—4 1 Y ' \aU-
. 1fo7 E"— - (=1t -—\p( = 31 , (9.60)
-
v
Pl 7 - %—-cm g (9.60;
S
weiw Stoo, (9. 60

where ve have used the tilde veriadlen for ajsplicity, UWhen the second terss of these sQuations are
written with § in place of #/(iB-.), they can be readily reeoguized 3s the linesarised momsat'm equetioca,
the 1seatropic teapereture-pressure relatica, and the fsentropio deusity-pressure relstion, reapsotively.
The first tersa are ia the nature of scurce tarsa, 8ad arise fros the combdimation of & vertical
fluctuation valoeitly and o nead shear. DBecauses Bq. (9.64) 10 s equation for the vertisal vortisity
compoaest 1w, oaly the source ters is presest.

A saaipulation of Bys. (9.1) lesds to & eingle seccad-order squation for §;
DU (30= ) 00~1509)/ (1)) = (220, I)(30-0)0 0 O , (9.7)

™his squatioa, whieh in 20 fors wvas used by Laes and Lia (1984), 18 the 1D ccapressille coumterpart of the
Pagleigh equation. A second-order equation for ¥/(ilew) follows direstly free M. (981

DAL/ (aD=)] o BLAIR/(1-08) JIB(O/ (aBea) ) = 320 1)(0/(a8)) 0 0 . (9.9)
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The correspon.ing equation for P i»
%P - Dl1n(H2) 1D = (1%¢2)(1-HP)P » O . (9.9)
9.2 Uniform mean flow

In the freeatream, Eq. (9.9) reduces to
02 - (e B)(1-HR)p = 0 . (9.10)
The sclution which satisfies the boundary condition at infinity is
p/mf . 1[(uu«‘\l-»)/(uaodz)”%clp(-(nz‘:?)‘/2(1-51;")”21] . (9.11)

which agrees with Eq. (8.1%¢). Equations (9.11) and (8.1Ad) provide the initial values Tor the numericel
integration.

The freeptreas sclutions say de olnungg into three groupe: subeonic vaves with w2 ¢ 1; sonic
vaves with Mf = 1; and saupersonic waves with My > 1. Neutrel supereonic waves are Nach veves of the
relative flov, and can exist as either outgoing or inorming waves. True instability wevee, which must
satisfy the boundary condition at y = 0 as well as infinity, are elmost all subsonic, but eigenmodes which
are auperscnic waves of the outgoing family in the freeetream have been found for highly cocled boundary
layera [Mack (1969)]. A combination of incoming and outgoing wavea parmits the boundary condition at y =
0 to be satisfied for any comdination of :, - end ~, as pointed out by Lees and Lin (1346), It ie when
only one family of waves 13 present thret we have an eigenvalue problea. The combination of both families
18 the basis of the forcing theory presented in Section 11,

9.3 Some smathesatical results

The detajled atudy of the two-dimeneionel inviacid theory carriad out by Lees end Lin (1946)
eatablished a numbdber of izportant resulte for temporal waves. Lees end Lin classified all instability
vaves as aubsonic, sonic, or supersonic, depending on whether the relative {rssairsas Mach nusber ﬁ, is
lsss than, egual to, or greater than one. Their ochief results are:

(4} The mecessary and sufficient condition for the exiatence of e pgutral subsonic wave is that there ie
scle point Y, > ir the boundary layer where

b-ov) = 0, (9.12)

and y, 1s the point at whioh U s 1 - 1/N,. The phese velooity of the nevtrel wave is o , the mean
velooity at y,. This necessary oondition ie the gensralizetion of Rayleigh'e condition for incoapressidle
ficw that there muat de a point of infleotion in the velocity profile for e neutrel weve to exist. 7The
point y,, wbich plays the ease role in the compressible theory as the inflestion poiat ia the
incoepressible theory, i» called tbe generalized inflection point. The proof of sufficiency given by Lees
and Lin requires M to be everywhers subsonic,

{11) A aufficient condition for the exiatence of ez yoatabla wvave e the pres¢nce of s gesnereliszed
inflection point at some y > Yo+ where y, ia the point at which U ¢ ' - 1/M,. The proof of chis oondition
also reguires M to be subeonic,

(1i1) There 13 a neutral scnic wave with the eigeovalues 1 s 0, o s 9y s 1 = /N,

{1v) 1t %% ¢ 1 everywners 1in the boundary layer, there is s unique wevenuaber i, correeponding to o, for
the neutral su.sonic wave,

Less end Lin odtained these resulte by o direct exteasion of the methode of procfl used for
{nconpreesible flov. The necessery ocondition for e zeutral sudasonio weve was derived fros the
disooatimuity of the Reyaclds tress : » - Cuv> ot the critical point Yo 40 1n focompressidle flow, :
1a constant for & neutrel inviscid vive eRospt possibly et the critical poiat. For -y . 0,

C(7g00) =i(y,~0) v (*/1)[DL-DUI/DO) <¥E> . 19.13)

Baustion {(3.13) 1s the same as Bq. (3.9) ia the imocapressible theory ezcept that D{ DU) sppears ia place
of DU, Simoe * fe Berc at the wall snd in the frecstream by the Douadary conditions for s eubsoale
vave, it fellove that D(, vu) lrt bgaur‘ht Yoo Vo 2ay olso aste that {or & neutral supersonio vave,
whore ¢ < ¢, a8d ! (g ¢0) o (/2)(NF-1) fros the fresatreas soluvions, the diecomiizulty st the
eritical poiat avat equal this value ! and ibe phass valocity asust be other thes U,

4% thia point we cen exemine the aumerical cossaquences o' the finding that nsutral and unatadle
veves depend o the exiotesve of a gomeralised iaflestion poist. Yor the Blasius bousdary layer, U e
negative everywhere sxcept ot y s 0. Nowvever, for a soapressidle doundary layer os an {niulated flat
plate, D( DU) ia alvays serc somevhere (3 the Dousdary layer. Comswqueatly, &)l such bouddary layers ais
usateble to iaviseid weves., Pigure 9.1 shdve that Sy tho 802z veloeity at the generalised 1aflection
puint aad thus the phase veloeity of the aswtral subsemie wave, imerease) wild inarsasing freesiraan Mash
ssmber N, 1ia sscordenee with the owtward soveaest of ihe gomsralised iafiestica peiat. If we reesll fres
Jecvtion § that ioviscld Lastadility Lloeredses for the adverss pressure-gradiest Falkmer-Skan prefiles a8
the iaflectica peist soves svay fres the wall, we ean expest 1a this i1astasce Lhat iavissld Lnetability
vill isereass vith Laeressing Nach auaber. Figure 9.1 alse insludes both Sqs the rhase veleeity of a
ssuirel suaie vave, and the phase veleaity fer whieh N s -1 at the wall, In the ezaet suserieal seluticas
of the mmp-lqor oquations vhish were uned for Fig. 9.7, the wall ¢ tasulated and the frecstireaa
teaperaters T; 15 sharssteristic of wisd-tunasl ecaditisns. The stagnetiss tempersturs is bheld constamt
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nt.°311°l until, with increasing M,, 1‘; drops to 50°K. For higher Mach nuabers, ‘l‘; is held conatsnt at
507K,

For a wave to be subsonic relative to the freeatreas, and hence have vanishing amplitude at y - even
when neutral, ¢ must be greater than Oge It £a often asid that only aubeonic waves are oconsidered in
atability theory, Dut this atatement ia not entirely correot. It 1s true that the neutral aubaonioc wave
vith eigenvalues 1,,0, can Only exist when 0y > 1 = 1/Ky However, thia does not rule out ssplified and
damped vaves with o < 1 = 1/M,, Or even neutral supersonic wavea with a ¢ different from 0, Examples cf
auch wavea have been found, all of which satisfy the boundary conditions et infinity and ao are aolutions
of the eigenvalus prodblea. For «, # 0, the amplitudes of outgoing asplified and inooming damped waves
vanish at infinity regardleses of téo value of of for peuiral waves, the amplitude will oanly be bounded at
infinity when o < c,. What does turn out to be true ia that the most unstable wavea are always subsonic.
Furtheraore, for one class of weves, the amplified first-mode waves, the phase velocily is alwaya between
o, and c,.  This result has importent consequences.

9.8 Nethods of solution

The methods for obtaining solutions of the inviacid equations for boundary-layer profiles have been
patterned -ncs oorreaponding methods in inocompressible flow, Leea and Lin (1936) developed pover-series
solutions in .“, and also used the gensralizations of Tollmien'a incompressible solutions

$(r) = (r-y )0 (5y,) (9.1%)
0,(0) o 2y(r-y5) + (F2/00%) (DG DO)) 0, (P)10ly-y ), ¥ > ¥g. (9.14n)

For y <y, In(y-y.) » lo y-y,,~1° as for 1aconpreasible flow. The leading teras of Py snd P, are DU,
and T,/DU, rnmcunly. 20 ihn. 0‘ and 02 are normalized here in a different sanner than in Section 1.1,
These solutions have been worked out in more detall by Reabotko (1960). Both ¢ and @ hcve the same
analytioal behavior as in incompressible flow. VWhat i3 new here ia the tempersture fluotuation, which,
according to Reshotko, has the bebavior

E 2 9/7(y-yy) o (1/00) (D(-D0) ] 2n(p-F,) ® ... (9.19)

Hence, even for a neutral subsooic wave, where [D(. DU)), » O and ¢ and O are both regular, S haa a
singularity at

Two methods have been devised for the numerical integration of the inviaoid stability equations. The
first method {Less and Besbotxo (1962)) transforms the aecond-order limear equation into a first-order
nonlinsar equation of the Ricoati type. This equation is sclved by rumserical integration except for the
regior around the critical poirt, where the power aseriea in y-y, are uaed. The second method {Mack
(1965%s) ia a gensralizatica to compressibic flew of Zsat's {1958) methosd. This method has already been
deacribed 1a Section 3.2. For neutral and damped solutions, tha contour of {ptegratior is indented under
the singuiarity, Jjust as for incompressibdle flow.

9.% MHigher modes
9.5.1 Inflecticnx! meutral waves

Although the Leea-Lin proof for meutral sudbaoajc vaves thet ! 1a a uaique fuaoction of o, vas
dépsndant on N° < 1, and although Leea and Reahotko (1962) sentivned the posaibility that ', may sot be
unique for N* > i, == serious coasiderstios was glvea Lo the possidility of multiple solutions uatil the
extensive numerical work of Mack {51251.1964,10650) brought thes Lo 1ight. 3Similar multiple solutioas wvers
found independently at adout the ssse time by Uill (1943, paper presected im 1961) ia bia etudy of ®top-
nat® jats and wakes. With Lthe benefit of Rindaight, 4t La asisally rather casy 1o demoastrate thelr
exjatence. 9he¢ iaviacid equatioms for #/(:0-.) and [} Bqs. (9.8) sad {¥.5), amite evideatly dave 2
differsat asalytical charscter depeadiag os whether N® ic leas than or gr’nor tham waity. It fae
instructive, as sugpested by Lees [privets coawunizatios (1964)), to comaider ;¢ large caough s0 that the
first-dorivetive tore ocan Do meglectet Thea By. (9.8) reducss to

LW (at)] = 200-08) (W 0=)) 0 0 . (9.14)

vhen W ¢ 1, e solutions of fAg. (9.16) are elijptie, and it i under Lhis cirevastasee that Lees and Lis
proved tae usiquensds of g Bevever, wbea > 9, Bg. (9.14) bdeconmes & wave oquetio=, 204 80 in all
prodions goversed By a wave aquatiea, ve ¢ expect there to Do an iafiaite sequense of waveduabers thet
will satiafy the bSoundary eoaditioss. Ve 4y aela thet for o swbesai: wave (this termimslagy otill relers
Lo he frecatrea) and the wdual sert of deundary-layer prefiles, the relative superecaie regisa ocewre

-

below the eriticsl peist where K ¢ O,
If y, 1s the 7 vhere W o 1, apprexisate seluiiens of By. (9.16) of the VED type are
§ y
Vs s 2 u-(:.,.[ BV, ycy,. (9.170)

y
0/i9s) 0 - m{-i..‘[u-k')'"q!. 127, (9.17%)
[ ]

vhere Sy, (%.17a) fellows frea *de Joundary ecatitiss ¥eC) s 0. ummsmé‘:i he sudsaript
a doseten & mouiral suwdoeaie solutise a8 Befere; the avdeoript a refers to e sslutison. The
sonstast 10 Bq. (9.170) is ehesen as =1 te nabe § real aad pesitive for v > 5. Either oigs 1s pessidle
fer y >y, 8 § 10 contisueus and finsteat yo 5, , ""‘“",‘i”?ﬁ" 9.52), aset go Lo sore a0
y 7,80 ‘7‘. The Serivative of #/(58-w) gives a faster (RE-1)'/7, and Lo required seditiosal
fester of M*-1) mmmmmﬂummnmnrc Conpeguently,

it
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m(,."j: (W-1)V2a9) 00, (9.18a)

Ya

-,,[ R0y o (0=3) , B 1,23, (9.180)

e Y

Rqustion (9.180) is the fine] result, sad demonstrstes thst there 1s sn infizite sequence of discorete
neutral veveousbers with the phase velooity oy, The forence between adjacent values of .. 18

a -1

nel) = ‘en "'.(j (?.')112") . (9.19) :
5 E
) Ve x37 «lso obarrve that sccording to Bq. (9.18D), the sequence of vslues of 2 1, /" 18 1,3,5,7,ccc. This
' result was first noted and given a physical explenation by Norkovin (privste comzurication (1982)]).
Because Bq. (9.16) is only approxisste, the magnitude of g the difference formule, sad the ratio
sequence are not expected to be nuserically correct. HNowever, as ve shall aee dDolov, with sn isportast

‘ exception they are either ocorrect, or approxisately oorreot.

¥hen the nuaericsl integrstion of Eqs. (9.2) 18 cerried out for 2D wveves with o e ¢_ and «, o 0 for
the fnsulated-well flat-plete boundary layers desorided in Seotion 9.3, the igg Yhich sre fouad by the
elgenvalues sesrch procedure sre shown ia Fig. 9.2. The solution fcr esch n -hl be referred to ss s
sode: n s 1 §s the first mode, B s 2 tLe sed0nd BOde, otC. The wgvenumbers of the first mode vere first
computed dy Lees and Reshotho (192). VWith ¢ » Cgr & Jo Vhore N® . 1 oocurs first at My » 2.2 (y, 0).
¥ith inorsasing ll‘. Lhe relstive sonic poist y_ soves out into the boundery leyer, and i__ varies in
inverse proportice to y, ss required by Bq. (5.18d). Mo higher modes with o » o, oou’% be found
waerically for M, < 2.2, in agreement vith the theory gives adove.

A 1 s AR

A proainest feature of Fig. 9.2 1is that the upward slopiag portion of the first-mode ourve betwveea LD

s 2 and 4.5 18 18 aense continuous through the other sodes, 1.0, there is a Mach nusber range for esch

®ode where the . . va. N, curve Ras s positive siope. The end poist of this regiom for ope mode is close

to the starting point of s similser region for the next Righer node. The opproach decomes closer es N

increases. The asignificance of these iatervels of positive slope is that they provide the exoeptiocas tu

b the correctnens, or approzimate correctasss, of the results given by, or deduced from, Eqs. (9.18d).
Indeed we oou.d well jdentify these sodes 88 the “exoeplional® sodes.
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Vith the wavenumbders of the sultiple seutral vavee estediioded, the next step i to examine the
eiganfunctions. For this purpose, the siger”unction B/, 1s shown in Fig. 9.3 for the first six wmodea
st My o 10, The first thing to mote 18 * . the Dumber o}uma 1a § 15 000 lese than the sode number o
For ezsaple, the necond mode has oss &' -, and $(0) 15 180° out of phase with $:); the third mode has two
serces and $(0) 15 1n phane with §(). The nuaber of zerces 10 f(y) 1s the surest 1deetifiostion of the
80de under cohsiderstion DBy keeping Lreck of the phase difference betweea P(0) and P(‘), it is posaidle
to éetersine wvhen there 15 s change from ome mode Lo emother.

it

o i o

The appearsace of the elgenfunelions 1e Fig. 9.) coafirss the simple Lheory gives adove: there ia aa :
ieflagte sequence of perlodic sclutions 1o Lhe supersconie relative flow regios ubich cas satiafy the N
boundary conditions. The magaitude of £(0) 1s o mininua for the fourlth mode (P{ ) ts tde sane for sll
socées). 3ince the fourth mode At M, s 1L is ea the upvard aloping portion of the eigeavalus ourve ia Fig.
9.2, this 10 asother iadication of the special Ratvre of such newtral solutioss. For other modes,
$0)/$( ) temss to Becvms lerge sway froe a o 3, ase tends to 1A£INILY 08 B -~ .

There 3o oos lmportanst Ciffarence bDetwees tde simple theory amd Fig. 5.). Accordiag to the theory,
$( ) 1s jositive fcr all modes; Lhere are no serces in the (aterval y ) 7., 884 the nuader sof seroes
i8 y <y, lncresses by one for ssch auccessive node. Ve see frea Fig. O.S\Iu §( ) 3» negative for a > E
4, and the auabder of gerees fo y ¢ ¥g 18 the sase for 5 o 3 o8 for a » &, The total auader of serces 2
fucreases dy cne from 0 s & 1o & ¢ § oaly becsuse of the sere ia §y > y,. However, we nste Last the i
progressien of zerees s serreel ia the supersenie region if we oeNelude the meds a ¢ &, Tifs
‘eaceptiionsl® meds 15 eilrenseus Lo Lhe siBple theory, and preserves sosetiing of & firel-seds charsoter g
which predbetly detlrays & differsat physicel origia fres lhe other medes ladead, e olher Migher Nodes ;
are aolling acre Lhad 30udd weves which refleet Dock and forlh Melvoen Lhe wall ond the scaie iine of the S
relative flew ol 3 o y_as First suggested by Leos snd Cole (1943°. Nerkevis's theery 48 daced va this 35
18va, emié 2 l-puut\u of the vavesunder rstio sequesse 1,),%,... sttests Lo its correctaess. The #
‘ezeeptienal® nedes are wiil 27t of LRl Lheory; they are perbads vertielty vaves assvciated vith the %
eesarulized 1aflestion Solatl &5 are 1ACERressiiis 224 lew Rash susber firet-acde weves, lo thls view, X
Lhe moder whieh Bave Dooan 140ntified 10 Fige. 9.2 and 9.} o0 First-00de saires far N, >3 are set firet-
8000 vaves at all; LAis Qlatinstichd in recerved for Lhe 0edes ¥heode VaveMuUBIEre lterease BoGstonidalis
vitlh lasressing N,. Nowever, ve shall comtinwe to refer Lo & ¢ ! a5 Lhe Fire: mode.

e

9.9.2 Bealaflectiiom sowirs) weves

e re

4 further consoquetes of & regica of suporecale relative flow 18 Lhe Deundery Jayer 10 Lhe existesse
of 8 ¢lass of wutrel voves vwiled I ssgplotely ¢ifferent froe asything coccwtiered {8 tde i{nsespressidle
- Whsery. Thess veves are sharasterised iy heving phase veleeilies o the reage ' § ¢ 5 1 ¢ /N, Per gash
et valdsitly there 15 aa 18fialle saquedoe of wovenushers, just a0 fur the iafleoeticnal ssuiral waves,
4 wove with e s | 35 ot L Uith respeet Lo the frecotreda; & vave wilh e o o,s 51 ¢ I/R, prepagatos

mmunh.l vith the frecetrean spood of sound. The Leea-iis 0ele veve prepagntes
# “uuunuo,hummmnum

silsr el S el 1o Vaves Are subsotie waves, o0d, decanse BH:-DE) ¢ 0 1a Lhe freestrean,

thare 15 a0 Cisceatiinnily 1 Se700160 8iress 004 LBo a00008ary coddilion for the saintense of &

subooalic soutral vave 10 sstiofles. lr the Laflestional asntral vaves, B DO) Gooi 2ot Bave to b
L ]

1 ¢ 1/8, vaves sxiat for aay bosstary laper sudjost oaly to
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the requirement that %25 somewhere, The importance of the os! neutral waves is that in Lhe absence of
an interior generalized inflection point they are ecoompanied by a neighdoring family of unstable waves
with ¢ < 1, Consequently, a ocompressidle boundary layer is unstable to invisaid waves vhenever > 1,
regardless of sny other feature of the velooity end tempersture profiles.

If ve axamine the inviacid equaticna (5.2), we see thet when o > | they are no longer singuler;
f.e., thara 18 no oritical layar. Evan whan o = !, and tha oritical layer ia in a sense the entire
freestream, £q. {9.28) 1o still not singular beceuse DW(U-1) snd £{y)/(U«1) both have finite limite as
Yoy, We call this cless of solutions the noninflectional neutral veves. These weves persist to low
aubsonic Mach nuabers, because, exocept et lt, s 0, 1t 1a alvays possible to find a o large enough 80 that
A & -1 somewbere in the boundary layer.

The approximsta theory of tha preceding Section spplies to the noninflectional neut.-al waves just as
vell as to the inflecticnal neutral waves provided the initialisation is changed for o = 1 to make /(a0
.) finite in the fresstream. This ochange 18 needed Decause with o = 1 the weve motion ia oconfimed to the
boundary layar and ¢ sust be zero fory >y. An irfinite sequence of wevenuabera is odtained with the
specing given dy Bg. (9.19), but since o 1a different from o, the ouseriocal values are not the same as for
the {nflecticaal waves. Tha wavenusbera odtained froa the sumerical integration with o = 1 are showa in
Fi1g. 9.8 as funotions of Mach nuabder. Thesa wavenusbers are denoted dy Yge vhere the firet sudsoript
refars to ¢ s 1, snd the second ia the mode number. There is now no portion of eany wevenumbder ourve with
a positive alope, and the spacing agrees reasonsbly well with the epproximate formula. The disorepancy is
about 10§ for the first two modes, end decreasea to about 1§ for the fifth end sixth modes.

The aigenfunctions [{y) of the firat siz sodes of the noninflectional neutrsl waves with o s 1 at
M, = 10 are abown {n Fig. 9.5. Mere tha retio §(y)/(0) ts plotted, rather than f(y) witk B(4) fixed as
in Fig. 9.3. The eppearance of these eigenfunctions is ia complete acoord with the simple theory, ualike
the infleoctional neutral waves where the modes on the upward slopiag portions of the wevenusbder curves
interrupt the orderly sequence, and where an outar sero auppears in the eigeafunctions for n > &,

The numarical results for ¥ Co (1 o /M, are aimilar to thosa preaented for o s 1. Since these
vavea have nc neighdboring unstable or dasped waves, they are of less importance in the fsaviscid theory
than tha othar neutrsl vavaa. Consequently, thass waves will not be conaiderad further, and the ters
noninflectional meutrsl wave will refer oaly to a ¢ s | wave. Nowever, we might mentios that the visoous
counterparta of the o > | wveves, which are damped rether tran seutral, do have s rols to play in certaia
canes.

9.6 Unatsdle 2D waves

A detailed discusaion of the eligeavalu=s of asplified oad damped weves as ¢ function of Mach nuaber
for the firet fev modes hes been given Dy Nack (1969). V¥hat we are mainly intarested in here ip the
saximum amplification rate of the various sodee, ané thia is shown in Fig. 9.6, where the mazisus teaporsl
saplifioation rats 1 given as o fusction of Naoh suaber uwp to N, ¢ 10. The ocorreapoading frequescies are
shown {n Fig. 9.7. Ve aee fros Fig. 9.6 that delov adout N, = }.1 the fanmily of boundary layera ve ere
considering is virtually stadle to ioviscid 2D vaves, and that sbove M, s 2.2 the second 20de is the most
unstable mode., The latter result bolds for 2D wveves i¢ ail boundary layers that have beea studied, and ia
one of the festures that maksa aupersonic atabiliily theory so ¢iffereat from the facompressible theory.
Bot oniy is thera more then ose mode of fastabiiity, dul 1t ja one of the edéitional soaea thet 18 the
sost unstable. Above Ny ¢ 6.5, Lhe first mode is ROt even Lhe second most uastable sods. The 2e00nd-mode
suplification rates ca® be epprecisdle, At N, s 3, the saplitude growth over & bouadary-layer thiokness
1o about doublas what is peaaidle 1a a Blasius bDourdary layer el the Seysclds nunbder of the saszinmue
amplificatica rate, and about 253 of the mazimus growth in & Falkasr-Skaa separstioe® bousdary layer.

9.7 Turee-dissasicsal waves

In the Gotalled atudy of ihe eigenvalues of umatabls 2D first-mede vaves [Mack (1969)), it ves moted
thal the phase velocity 1a slways between o, and ¢ Thsse two velosities are almost ideatical dear N, »
1.6, whieh suggeata why doundery layers near f'm Naeh auader sre olacat stadle evel though llc
geesralised Safleelion poiat hes o 7od eut to U, o 0.38. The iafleetioa puist 1o e 7ized featuwre of the
toundary lager prefile, and se ia indepesient of the wave orlestatica. The phase veleeity L of ¢ 3D wove
fa U oeay, and the phase velooiiy o 1 (t=1/N,)oesv, where W, » N,06a% Thua a8 the wave asgle v
Inereases fres sere, ¢, doercases More thas by sed:, and the ¢ifioreass <, - o, inereases. Cocsequesily,
nmmlmﬂntoﬁ-ummmm:; nu.u,.ou-otnﬁxmnmwo
relative flow region, vhere ome saists, vwilli deersshe aleag with l, ond veo shill amt be surprised to fint
thet Lhe hAigher 30des deoeme Bere tadla

Figure 9.0 shova the tenporal amplifteation rete 4 of the firat end seesad Bodea ot N, ¢ 0,5 00 s
fusctiea of the freguensy -, far sovers]l veve anglea. Tires-dincasionn] first-asde waves are iadeed were
ussteble thas 2D weves, u‘mnummmomummmu&um The
latter resvit 2lo= halde for all of the kigher nedes. The meot uastadie firsie-nede wave 15 at e8
clese o $0° wilh as asplifisation Fits adowt twiee lhe Bamiwe 2D rele and with o frequessy & 11
ever sas-balfl of the frequeasy of the mest wastable 20 wveve,

At M. o 8.9, the uastable reglens of the First Lue 0odes are separated by o ¢anped regies for all
wveve asglen. Nevever, ot N, s 8.0, Fig 5.9 cheus that for 20 vaved the first Lhres 8o0dee are Berged iste
hnmnmuummntwmmmmam
the taird aode. Thus ve 040 a5L0 200LBor feature of LD R04lral VAVEREAdEre 3, of Lhase
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f In Pig. 9.10, the saximua %saporsl ssplification rete with respect to frequency is plotted agairat
5 for the four Maoh numbers 3.5, 5.8, 8.0 and 10.0. At sll of these Neoh nusbers the most unstadle firat-
= mode vave 1a at an sangla of between 30° and 60°, and has & mexinum sanpiificstion rats that is roughly

) joudble the most unstadle 2D wave. The effeot of Mach number on the maxisum first-sods amplifiocstion rate
‘tth respect tc both frequenoy and vave angle is shown in Pig. 9.11. The wave sagle of (ke moat unstadle
e 18 noted on the figure to within 5°, and the maximus 2D asplification rates are showh fOF COBPArisSOA.
1 {nteresting change in the relationship between the 2D and 3D amplification rates takes place for M, ¢
| 4. Tha ID saximum amplification rate is 8o longe™ only coudbls the 2D rate as st higher Nach nuabers;
| fnstead, st Ny = 3.0 the ratio of the 3D rate to the 2D rate 1s 5.8, st M, = 2.2 1t 15 33, snd et M, = 1.3
t 1t 18 130. Ve recall from Pig. 9.1 that it is near M, = 1.6 that the difference o, = o, 18 the saa lest.
Therefore, the sonio limit aots a3 & aevere constraint on the asplification o'f 2D waves at lowvw Nach
nurbers. When this constraiat is removed, as it is for 3D waves, the amplification rates increase
sharply. Ve may consider the 3D smaximua amplification rate as the one that properly reflects the izherent

instadility of a given boundary-laysr profile.

9.8 Effeot of wall cooling

Perhaps the moat celsdrited result of the earliy stability theory for compressibls boundary layers was
ths prediotion by Lees {1947) that cooling the wall stabilizes the boundary layer, This prediotion was
sede on the basia of the asymptoiic theory, ond a coriterion was providec for the ratic o7 wall temperature
to recovery temperature at which the oritical Reymolds number becomes imfinite. Although Lees’a original
calculations contoined numerical srrors, the tempersture ratic for complste stabilization was later
cosputed correctly by a nuaber of suthors. The most socurste calcoulatisons gave the result that ocomplete
stadility oan be ackieved for 1 ¢ Ny < 9 by suffioient cooling. These ocaloulaticns 222 be orit‘cized in
thrse important respsots: First, no indication is given as tc how the amplificetion rate varies with wail
temperature; second, the calculations are for 2D waves only; and third, no accoun. is taken of the
exiatence of the higher modes. In this Section we alall see that the curcent faviscid theory oas resedy
all of these deficiencies.

As the boundary layer 15 ocoolad a second gemsrulized {aflection poiat appears for U < 1-1/!!,. As the
0ooiing progresses, thia second inflection point coves towards the first one and then doth dissppear for
highly conled walls. The complete sooount, as given by Meok (1969), of how these two inflectiom pointa
) affect the 1ustadility of 2D snd ID vaves {a & lengthy one and also briags in uastable auperscnic wseves,
The conclusion Lfa that when the generalised inflection goiats disappear, 0 do th first mode waves, but
the higher sodea, being dependenl oniy on & relative supsrsonic region, resain Some results are sdown in
Fig. 9.12, vhers the ratio of the maxisum teapors] saplification rate to ita unocooled valus 19 plotted
ezainst the ratio of wall temperature 1' to recosery tesperature 1,, st B, s 3.0, 4.5,, and 9.8 for 3D
{irst-sode waves, and at W, s 5.8 for 2D ascond-mode waves. In easch imtsnce, the vave angle given in the
figure 2o the aust unstables. The first-moue waves, even when odligue, dan be ocompletely atabilized st ths
Kach suabers shows, Just &8 originmlly predicted vy lLees (1937), Novever, the seocond aode is not oaly pat
stadilized, 1t ia actuslly daatabilised, slithcught 1f the aaplification rete 1a desed on Lhe bouadary-layer
thicknesa, the incresse 1o <4 18 just about compensated for by ths reductioa ip y: and ~y. 1s virtuslly
unchanged by cooling.

As s fina]l result on the effect of cooling, we give Fig. 9.13 whieh showa Lhe temporsl saplification
rate at M, « 10 a3 » funotion of ravesutder :6r an fasulsted wall sud s highly-cooled wall (T /T s 0.0%),
for the forser, the firat four mCdea are marged to form a single uastsble egiom, and the u-ufu upper
vaviauaber i1a the exoedtiona)l wavenuaber of Pig. ¥%.2. For tae latter, tke unstadle regions of the four
8088 are separate, as 1a true at lover Nash muabers for an ipsuls.ed wall, and t1he saxisua asplification
rete of eack mode 15 adoul double the umroolnd velue

4\

10, CONPRESSIBLE YISCOUS TusORY

3 N

The cariy theoretical work oa the vicoous wladility theory of cepressidie boundary layers was based
ob the asysptetic methods that had prover Lo de aueceasful for Lnoompreasidle flov. Rowever, these
theoriss, which were developed by Lees and Lin (1944), Duza snd Lin (1953), and Lees and Beahotio (1942),
turoed out to de valic only up to lov supersonic Mach nuBbers, 3nme resultls for Lnsuisted~wall flat-plate
boundary layers obtajined wilh Lhe saysptotic metbod are givan in Fig. 0.1, and cospared wilh dtrect
suaerical solutliocs of the eigsavalue prodviem. All susertical resuits in tals Sectlics sre for ibe sase
fasiiy of flateplate bDouvadary layers used is 3eoctlice 9, la Pig. 10.% seutral-atabilitly eurves of
/ frejuency ot M, ¢ 1.6 and 2.2 a3 cosputad from (he Duste=ils (1999) theory ¥y Mack (1940) are compared wildh
resuits oMaiand ¥y aueerical integretion uaing bGth the alstd-erder #i8plified equations of Duan and Lin,
akd Lhe alyth-order comatast Prandt]l muader version of the complete stadilitly equations of Appendix 1, At
Ry o 1.6, the 2ares caloulatiocns are 1o goot agreemeat for I > 700, But at N, o 2.2, Lhe agreemest betlwesa
the Duan~Lin theory and the aumerissal 20)Jullen with ths coxplete oguations 1¢ povr st sil Reysolida
mabere. The asynplolic Lheory 12 supposed Lo 20lve v 3iBplified equaticna wilh AR erroer 20 largsr thas
the errur Lavolved 30 drepping the misaling visoows lercs. Il fa evigest from the nuaerical solutions of
the Duan-Lic oqustions is Fig 10.), that tis equstionc are dettar LRas Lhe acihed wwed to solve thes, dut
oven 50 at N, o 2.2 the Ciffurenses ccqpared to 1he ccajpinte eguetians are toe large te parail thelr woe
Bovwver, thare Lo lillie reasey 18 ol case Lo wse thess ogualicas i sumerical werk, becsuse they are of
the sane arder o8 the owpliote 2D wustions, &ad for 1D waves Lhe BIEtD-0rdur agpr-uinstiea gives 1a tals
Jeotios 40 mofe arcurste.
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10,1 Effont of Mash mmber oo visoour fastability

™he visosus theary Sust of coures be wped for ¢11 mupericel saleciatiess st fiaite Meysslde sumbers.
An Lopertant Lhenretical questiion that we are 20le 18 Snawer wilh the vierouws Doy 10 the iafiwense of
Machk seader o8 riscous imatadility. The cafiaities of visesus i1retadility that we wad RQere fer
eisseifiesiion pursesse 14 that the saninem asplification rele LOArealss o8 the Deytelds suader SeaCaNNRS
The manisus is witd respent t¢ fregueely, ou‘g_:annwomssm sl cotatant Meyaslde svabir,
and the s0plificatlivon rete 18 reforsaced to L [3q. (2.97)). & seuiral-stabilit) eurve with a8 xpper-
Srensh vevemnder vhish 1aoressss wild dsarcasing Beymslids sundes, as for the Blasive douadary lager, i
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,‘? an indioator of visoous instability, We start by examining the curves of neutral atability for 2D waves
. presented in Pig. 10,2, where at five Mach numbers the wavenumber is plotted agsinst 1/R to emphasize the

- higher Reynolds nuaber region. The neutral curve at M, s 1.6 18 of the aame general type ss for a low=-
spsed boundary layer with only viacous instability. The low values of the neutral wavenumbera reflect a
drastic weakening of visooua instadility compered to the Blasius bdoundary layer. We alresdy know from
Fig. 9.6 that the maximum inviacid amplificstion rete inoreaaea sharply for M, > 2.2. ¥What we see in
Fig. 10.2 ia that as the Mach number increasea auove 1.5, viacous inatadility continues to weaken and the
effect of the incressing inviscid instability extends to lower and lower Reynolda numbers. Finally, at M,
= 3.8 the influence of inviscid instability is dominant at all Reynolda numbers, and no trsce of viscous
instability can be seen. Viacosity sota only to damp out the inviscid instability, juat as for the low-
speed Falkner-Skan boundary layers with a strong adverae pressure gradient., As a result, the instadility
charscteristica of flat-plate boundary layers above M, » 3 are more like those of a free shear layer than
of a low-speed zerc pressure-gradient boundary layer.

We have lesrned {n Seotion 9 that 2D amplification rates above M, = 1 are strongly influenced by the
conatraint of %he sonic limit on the phase velocity, and do not represent the true inatability of a
boundary=-layer profile. Therefore, to get a complete view of the influence of Mach number on viscous
instsbility we must turn to 3D wavey, The instability of 2D and 3D waves up to M, ¢ 3.0 ia susmarized in
Fig. 10.3, where the maximum temporal amplification rate fa given at M, = 1.3, 1.6, 2.2, and 3.0 ss a
function of Reynolds number up to ! = 2000. The most unstable wave angles (to within 5%) of the 3D waves
are shown in the figure. It ia spparent that these anglea differ little from the inviacid valuea except
nesr the oritical Reynolds number st M, = 1.3, We see¢ that viscous inatability, which at My = 1.3 s
totally responsible for both 2D and 3D instability at the Roynolds numbers of the figure, decreasea with
increasing M, for 3D as well as for 20 wsvea, Howsver, there is little change in the maximum 3D
amplificstion rate with inoreasing Mach number, in contrsst to the large decrease in the maximua 2D
amplification rste. At M, = 3.9, viscosity acts only to saintain the msximus amplification rate at about
ihe sume level down to lov Reynolds numbers, rathwr than as the msin source of inatadility as st lower
Hach numbers,

There are unfortunately no caloulations availstle between M, ¢ 3.0 and 4,5, dbut the distribution with
Resnolds number of the maximum tempural amplification rate is given in Fig. 10.4 at M, = 4.5, 5.8, and 7.0
for wasve angles that sre approzisately the most unstable. All of these waves are first-mode waves. it M,
b » 10 1t 18 difficult to assign a maximum in the firat-mode region as the single pesk in the 4, va 1 curves

for . > 50° occurs near the tranaition from the firat to the second mode, and 55° has been rather
arbitrarily selectad as the most unaiadle angle. In any csae, it 1s clear from Fig. 10.4 that in this
Fach nuaber rasnge there s no viscous inatavility and the influence of viscoaity s only stabilizing.

10.2 3econd mcde

The lowost Mach number at whioh ihe unstsble second mode region has been located st finite Reynolds
nusbers is M, s 3.0, where the minimum oritical fleynolds nusber R . ia 13,900 [Mack (1988)]. As the Masch
nusber {ncresses, the irsi2cid second-mode maximum amplification rate inoreases, as shown in Fig 9.6, and
the unstable second-modi reglon moves rapidly tc lower Neynolds nusbers. At My » 1.8, Rop 18 827; st My =
4.2 1t 1o 355; and at M s 8.5 it 18 235. Furthermore, Lhe firyt and higher-mode unstable regions go
through the aame process of syrcessive mergers s» they do in the inviscid theory. The firat merger,
between the first and second~sode unstable regions, takes place at about M, v 3,6, Examwples of neutral-
stability curves of wsvenuaber juat bdefors merger (M, « 4.5), and just after merger (M, = §.8), are shown
tn Fig, 10.5. The shapes of the neutrsl-ctadility curves, doth before and after mergsr, ars auch as to
suggest that viscosity is only stabilizing for ali higher modes, and thia is oonfirmed for the 2D second
sode by Fig. 10.5, where the distribution of t-’).“ with Reynolds nuaber is showa for M, = 3.5, 5.8, 7.0,
anc 10,0,

The «ffecl of wave sngle on sscond-acde amplification rates 1s shown in Fig, 10.7, where (‘t) ax 18
plctied againat wave angle for the sape Nach nusbers as in Fig 10.6. Thnis figure ia to be oolpcres with
lthe comparadle invisoid results im Fig., 9.10. In doth instancea, incressing Mach number bdrings s
reduction in the rapidity with whiob the mazimum ampiification falls off with tnoreeasing vave angle.

10.3 Effact of wall cooling and heating

Few reauita have Deen computed from the visasous theory for doundary layers with cooled and heated
walls, Une result, shown in Fig. 10.8, gives the effect of hesting and cooliag on the stability of «
/ low-speed boundary layer (N, » 0,05). The z-Reynoids nuabers of 20D porsel modes fur three oonstant valuss
of the ¥ fadtor, ia(A/d;) ., are plotted against the wvall temperature ratio T /T.. Ve see Lhat coolirg
has & strong atabilizing o"nt. and that hesting has a strong deatadilizing of’nt. The frequencies that
correapond to the N factors are also sirorgly u‘oatod by the wall teaperature. Tor on'ph, at T /T, »

90, the frequercy for K » 9 1o F o 0,157 x 10%7; at T /T, « 1.1%, 1t 1a F « 0088 3 1077,

As sn example of the effect of wall cooling at hypersoni: speeds, Fig, 10.9 abowz 2D meutral ourves at
N My o 0.8 for T /T, & 1.0, 0,63, 0,25 sad 0,05. The freestrean teapersture {s $0°K ex0e )t for the loweat
wall temperatare where it 1s 125°L  Wrea the wall ia cooled to T,/ « 0.65, a notiosable stabilisation
takes Dlace for the firsi-mods, but oaly a merrowing of the uuu‘u vavenupber band can be dstected in
the Ls0ond-m0de region, AL Lhe other two tempersture rutios, there (s 80 uastadle first-sody region. The
lovest tesperature retio is of iatsrest decause thers 1s no generalized inflection gojat is e bouzdary
layer, asd thus a6 ' Lo serve as the iimit of the upper dranch of the meutral aurve. Ve aay odaerve
that the wevenumbars &t the critical Reyrcids auabera of the three¢ cocled cases are in the funverse
proportina 1,010.71:0.88, and the correspondiang doundary-lsyer thickassses are ia the proportios
1,0:0.69:5.5). Cornequestly, the length scsle i the costrolliang fastor fo the lecation of the seeond-
8060 uastsdis regicna in terms of wevecimber,
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10.4 Uee of sixth-order systea for 3D waves

Ve have already noted in 3ection 8.5 that only s single dissipation ters couplea the energy equation
[{8.9¢)] to the other equations for s 3D wave in either a 2D or 3D boundary layer, end mentioned the
econoay messure proposed by Mack (1969) of uring the sixth-order system that resulta from negleoting this
ters for 3D waves., These equations asre essentially the 2D equations in the direction of k. In Table 10.1
the teaporal saplification rates computed from the sixth- end eighth-order systems are compsred for
varicus wave snglea and Reynolde numbers st five Mach nuabers. In all osees the wavee are close to the
most unstabdle firet-mode wavea at tha particular Mach and Reynolda numbers listed, We aee that the sixth~
order syatea is aurprieingly good, and can be used at R = 1500 for all Mach numbers with & saxisua error
of lees than 58, The error of the sixth-order ayatem, vhioh depends not only on the Maci: and Reynolds
uu:bor, but also on the wave argle, is usually sinimel up to sbout ¥ = 30° end can become large ford >
70%.

Table 10.1. Compeiiaon of teazporal amplification rates for 3D
waves as oomputed from eixth-order and eighth-order syetems of
equations &t eeveral Mach numbers.

) r ‘ v w0 wx10® § difference
6th order O8th order

1.3 500  0.075  As°  0.883  o0.82% 1.2
1.3 1500 0.060  A5° 1,467 1,005 1.5
1.6 500 0.070 55° 0.9  0.8MA 1.4
1.6 1500 0,050  55%  1.388 1,38 2.8
2.2 500  0.055  60°  1.198 1.066 12.4
2.2 800 0.085 60°  1.39 1.300 7.0
2,2 1500 0.03% 60° 1.32% 1.273 N1
as 500 0.08% 60° 1,117 1.039 7.5
A 1500 0.0%0  60°  1.6M 1.613 1.7
5.8 500 0.050 S5°  0.790  0.73 7.3
5.8 1500  0.060 55°  1.803 1.30 1.4
10.0 1500 0,080  55°  0.MAN  0.A3N 2.3

Ther« are three other diaaipation terma in the energy equation beaidea the coupling term, and their
effect on the amplification rate has also been examined dy Mack (1969) at R = 1500 and N’ » 2,2, 5.8 and
10.0. The wevenuxbere were the aame as in Tadle 10,1, At n‘ = 2,2, the coupling term haa the largeat
inflvence on the amplification rete. Novever, at the two higher Mach aumbers the other teras increase in
iaportance. Sinoce some terns are stadbilizing end others deatadilixing, the error with ail disaipation
terma 2ero is saaller at these two Maoch oumbers than with only the coupling term zero. It ia not known
how genersl this result {s, but experience with the Duan-Lin equations indicatea that it 1a limited to
weves with s well sway from zero.

The amall effect of the disaipation terms on the amplification ratea of the 3D wvaves in the above-
nentionsd oslouletions ie in diatinmot oorrast to what happens when the Duan-Lin equations are used for
2D wavesa. The sixth-order ayates with only the ooupling tera sero 1a exact for ¢ « 0, ualike the Dunn-
Lin equations where all of the diasipation terme are neglected eloag with a auader of other tersa that are
aupposed to b of the eame order. The differences betwoen the neutrel-stabdilit) survea {n Fig. 10,
computed directly fros the Duman-Lin equeticas and those computed froe the oceplete wqualioks testify to
the {mportence of the neglected termas, 4 caloulation at Ny ¢ 2.2 end R » 600 for .. 1.085 gave ile
reault that the maximus 29 amplification rete froam tbe Duan-Lin squations ia 633 larger than :he> computed
from the cosplete aquatio~z, A more fevoradble result ia odtaioed at this Mach numbder for a 60" wave with
1 = 0,045 at 0 s 1000, where tde Duan-Lin equations give en amplification rate that 10 158 too high.
This 3o en taprovement over the 2D resujlts, Dut atill mot aas good a3 the result odtatned vhen oaly the
coupling term le neglected. At M, = 8.5 and R » 1500, the amplificstion rate of the meat unstable 30
first-msode wave computed from the Lin equations is in error by 233; the error for the moet unstadle
(2D) second-node wave is 108, The ocomcluaica to be drava 1a that the Duam-Lin spproxzisation is too
severo, and the equations sre unsuitable for nuaericel work above adout ll| » 1,6. On the contrary, the
eizth-ordar systeom with only the ocoupling terr meglected ocas be used for numeriocal computationr whare Righ
acourasy ia mo. isportast, and they offer s substaatial saving in occaputer time and supense.

10.9 Spatial theory

Both the theoretieal snd muserisal aspects of the atability of compreasidle boundary layers wcre
vorked out almeat ccmpletely on the baais of the temporal theory., In coatrast, alasost all stadility
oslovlations sre sov routimely dome with the apatial theory. Twe ezoeptions are the 3ALLY (Srokowsiki and
Orssag (1977)) and CIAL {Malik and Urazag (1981)] codse for 3D beuadary layer stadility, which caloulate
eigervalues from the temporal theory asd use the 3D Gaster trassformatioa to comvert to apatial
eigeavaluea. Thi2 approsch, vhich iatroduces a asall error iato the oalsulation has the advastags of
alloviag the use of poveriul satriz setheds. The COSAL cods exploits thia posaidility by providiag s
giobal eigeavalue search waioch relieves Lhe user from the ascessity of saking an iaitisl eigeavalue gwess.
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Some of the extensive temporsal ocalculations of Mack (1969) have been recaloulated by El-Hady and
Nayfeh (1979) using the spatiai theory. 4All findings were in accord with the temporal ocaloulstions, A
recent series of spatial caloulstions by Wazzan, Taghavi and Keltner (1988) found important differences
with the calculations of Msck, but there is good resson to telieve that the new calculaticons are not
correct ([Mack (1984d)].

A3 an exsmple of the same calculation performed with the temporal and spatial tb~ories, Figs, 10,10
and 10.11 give the respective maxiaum smplification rstes of the most unstable first and second-mode waves
at R = 1500 as o funotion of freestreanm Msch number. The differences between the teaporal and spatial
first-gode curvesz are due to the {norease in the group velocity froms about 0.4 at H, 2 0 to near 1.0 at
high Mach nuaber. However, both ourves reflect the fasot that at first increasing Mash number brings a
reduction in the maximum amplification rste because of the weakening of viacous instability, then the
increasing inviscid i{nstability becomes dominsnt, snd finslly the increasing boundary-layer thickness
causes 8 proportionate reduotion in the smplification rate, Furtheramore, it is {mportsnt to keep in mind
that both the spatial theory snd the teaporal theory plus the Gaster trsnsforms.ion give almost {dentioal
values of the amplitude rastio, and so either can be used in tresnsition-prediction calculstions,

11, FORCING THEORY
11.1 Formulation and numerical results

The structure of linesr stsbility theory allows the forced response of the boundary layer on s flst
plate to a particular type of external disturbance field to be readily obtained [Mack (1971,1975)]. One
of the independent sclutions of the stability equstions in the freestream is, for ty = 0 snd in the limit
of large Reynolds number, the inviscid flow over sn oblique wavy wall of wavelength 27/: moving with the
velooity o. The time-independent part of the pressure fluctuation given by this solution ia [Eq. (9.11)]

P 1My (- dexp 1uLx3 (-1 2y (11.1)

far a wave which 13 oblique to the freeitreas, 1 and ﬁ1 are taken in the direction normal tc the constant
phase 1ines in the x,z plane. It is seen from %q. (11.1) thst when ll1 > 1, the constant phsse lines in
the x,y plane sre Mach waves., With the negative sign in Eq. (11.1), the Mach waves are outgoing, i.e.,
energy is transported in the directicn of incressing y; with the positive sign, the Msch waves sre
incoming. When H‘ ¢ 1, the solution with the upper sign decays exponentially upward, snd the other
sclution increases exponentially upwsrd, In stsbility theory, only ~olutions which are at least dounded
as y-r are permitted, but no suoh restriction is present in the forcing theory where the incoming wsve
has been produced elsevhere in the flow. The full viscous counterpart of Eq. (11,1) for in i{ncoming wave
has a slov exponentisl inorease upward, which is perfectly scceptabdle.

The incoming-wave solution bear» 3<5e resembls' e to a Fourier component of the sound field radisted
from turbulent boundary lsyers st high aupersonic speeds sccording to Phillips’ (1960) theory. In this
theory, each acoustic Fourier component 1, is produced by the same Fourier component of the frogzen
turbuient field moving st s superscnic source velocity o relstive to the freestream. Thus the turbulent
boundary layer 1s deocomposed into oblique wavy wslls moving supersonicslly, and the associated outgoing
Msch waves sre the incoming Msch waves of the receiving laminar boundary layer st y s 0, However, in
Philline’ theory, the field is random, snd each "wavy wall®" exists for only a finite time rolated to the
lifetim:: of an individual turbulent eddy. 1In the present theory, the inooming wvsveé fie'd ic ateady to an
obaervwr moving with o.

4 solution for the boundary-layer renponse &t each Reynclds nusber can be found for each 1 and o
by using both inviscid solutiona of the eighth-order system, Eqs. (8.11), together with the usual three
viscous aolutions which go to zerc as y -~ , to satisfy the boundary conditions as y =« 0. The combined
sclution, {n addition to giving the boundary-layer response which results from the {nooaing scoustic wsve,
alsc provides the smplitude and phase of the cutgoing, or reflscted, wave relative to the incoming wave.
The cembined, or responae, wave 18 neutral in the sensv of stability theory, but {ts smplitude L= the
boundary layer 1s s funotion of Reynolds number., If the loocal msas-flow fluctuation amplitude m(y) s

b to repr nt the asplitude (s hot-wire anemoseter measures primarily m), the ratio of a_, the peak
value of m(y), to my, the msssflov fluctuation of the incomiug weve, oan be called 4/1y, uns used ;u a
manner similar to the smplitude ratio A/dy of sn instability wave, in increase in lpll‘ u}th increasing 1
represents an *amplifioatior?; s decrease, a damping®.

The most important result of the foroing theory is saown in Fig. 11.1, vhere s &y fros Lhe viscous
theory ia plotted against Reynolds nusber for waves of six dimensioriess Jrequenaies 1n an insulsted-vall,
flat-plate boundary iayer at N, s 4,5 The wavea are 2D, and the rase velocity has been assumed to be ¢
s 0.5, Ve see thet the smplitude of esch wave starts to grov at ‘he leading edge, reachss & peak at a
Beynolds number that ve-iea inversaly with frequency, and then deulines. The lower the frequency, the
Righer the maxiaus value of B /B,. T™his 1s the principal result of the forcing theory, and has been found
to be true for all bouadary layers and sll vavea regardleas of ~he vasve angle and the phase velooity
(proviced only that N, > 1). 4s a oconsequence of this behavior, t7: forcing mechanism providea boundary~
layer wavea with asplitudes froa 6+~18 tises as large as fresat/¢.B sound waves without any lastadility
saplificstioa,

In the iaviscoid theory, omoe ¢ and ; have deed apecified the ualy resalning parameter 19 .. ¥When the
maas-Tlov fluotuation amplitude ratio ia plotted against & four i 2D vave with o o (.65 and the sane
boundary layer as ia Fig. 11.1, the iaviacid Ltheory gives a reault that 15 aignificantly diflereat from
the visoous theory. 3imce F » ac/R, 2 wave of givea dimensicaless frequoncy F travelliing dovastresa at s
coastast ¢ will have its dimensicalass wavenuaber 1norsase iinearly with R Consequently, thea axis i»
eguivaleat o the K axis ia Pig. 11.1. What we find fros the 15viaold theory fa that inviscid vavea
deorease in smplitude for a) 0,0075. All of the amplitude peah in Fig. 11.) cgour at an 1 larger than
this ezoept for the loweat fregquescy. Coasequantly, the initial trowth of Fig. t1.1, whioh 1s just what
ia found 10 experisenta ia superscaic and hyparsomio wind tumms. . sith turbuleat douadary layers on the
tunesl walls, 15 & purely viaoous phencsenca Nowever, when th visoous respoae ourves from Fig. 11,9
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are alsc plotted againat 1, they show that the decrease in amplituds which follows the region of growth in
Fig. 11.1 1s descrided closely by the invisoid theory., This result is in contrast to stebility theory,
where the inviscid amplification end damping rates are only approached by the visoouz theory im the limit
R*v, The higher the frequency, the lover the Reynolds number at which the viscous curve joins the
inviscid curve.

11,2 Medeptivity in high-o7022 wind tunnels

The quantity = /a iaterpreted as Ul,, is the most important result in superscnic and hypersonic
wind tunnela, It frov des an essential piece of inforaation which has been missing up to now: the
relation of the amplitude of a boundary-layer wave to the amplitude of the fresstream weve whioh causes
1t, In other words, we now have a solution to one partioular receptivity prodblem. Striotly speaking, m
13 equivalent to the A of stability theory only when the m distridution is selif-similar, but such 1s no
always the case. However, this situation is no different from the usual comparisons of the quasi-parallel
stability theory with experiment, as in Seotion 7.5, wvhere the peek m is followed downstream and
identified with ( evei though the amplitude distributions are nonsimilar,

The major Gifficulty in using the foroing theory as e molution of the receptivity problem 1s that
forced vavea are distinct froa free weves, end the process by which the foraer becomse tho latter is
unknown. An experiment by Kendall {1371) showed that, as measured by the phase velocity, a forced wsve
near the lesding edge evolves into a free instability wvave farther dovnatream. In the paper fros which a
portion of the text of this Section has been adapted {Meck (1975)], we essumed thet the foroing theory
applies up to the neutral-atedbility point of the particuler frequenoy under consideration, and that
stability theory applies downstream of thet point. The conversion from one wave to the other would seem
moat likely t> ocour if the amplitude disiribution through the boundary layer et the neutral-stability
peint matched the eigenfunction of the instadility wsve of the same frequency and wavelength, A limited
nusber of calouletions et M, » 3.5 shov that the two distributions are indeed close together for the sase
F, - and R VWith the only miametoh between the two waves a phase-velocity difference of 20§, oonversion
of forced into free waves can bde expected to take plsoce quickly.

Cunsequently, with the approach just oui.ined the forcing theory can be used to calculete Ag/Aqs the
ratio of the instadbility-wave amplitude et the neutral point to the amplitude of the sound weves radleted
by the turbuleant boundary layer on the wind-tunnel wall, The subasjuei® istio of the instadility-wuve
amplitude to A, is found by multiplying Ayl Ay by the usual amplitude ratio Ay caloulated from stability
theory. Thus, with the foroing theory ve cen replace the previocusly unknown oonstent Ao with a known
frequency-dependent Ay.

17.3 Meflection of scund wvaves fros a laminar boundary layer

A more strajghtforvard use of the foroins theory is to caloulate the reflection of a monochromatio
aound wave from & boundary leyer, Figure 11,2 gives the retio of "‘r the asplitude of the reflected wave,
«o Ay, the amplitude of tbe incoming vave, as e function of 1 for 0 » 0.65 end the sase M, s 1.5 boundary
layer used previcusly. Figure '1.3 gives the retio of $(0), the pressure fluotuation at the wall, to
01(0). the pressure fluctuation of the inocoming wave at the position of the wall with no boundary layer
present, In each figurc the uppsr curve {s the invisoid result, and the other curves ere the viscous
results for a series o frequencies.

According to the inviscid theory, when = O, A /A, » 1,0 snd $(0)/3,(0) s 2,0; when s°~, A /%, ¢
1.0 snd 55!3}1'55(0) = 0. Thus for is 0, the dboundery leyer effectively has sero thicksess ead the sound
veve refleots as froa a s0lid surface {n the ebsenve of e boundary layer. The refleocted wave has the same
saplitude and phaae at y = 0 a» the {ncoming wvave so thet the wall preasure fluctuation s twice §,(0).
At the other limit, .+, the doundary lsyer ia infinftely thiok compared to the wavelength, ud‘ the
reflection is the asame as from a oconstant-pressure surfecc. The amplitude of the reflected wvave is again
equal to that of the incoming weve, but 1ts phase at y = 0 differs by 180° from the incoming wave. Thus
the preaaure fluctuetior st the wall is zero. Between these two limits, the asplitude of the reflected
wave ia > lways graater than the asplitude of the incoming wave,

The visoous resulta are quite ¢ii"erent, For small i, A_ 18 alwvays less then A,. Furthermore, a
aintmum exists in A, for each ‘requsncy. A sisilar minimus exists (n 30), but 1t 1s Jocated at & larger
: than is the A minimum, If the A_ minimum were to reach zero, thet partioular : would constitute en
instabllity eigenvalus for the ?ulfy of incoming weves. MNowever, in stability theory, this type of veve
hias not beet. suvountered, either as 2 *upersouio weve with o < 1-'/!1 a8 {a the presesnt example, or a5 a
subsonic wave with o > 1-1/M, where the asplitude inoreases :xposentially with iooressing y. Pigure (1.2
indicates that if asuch an sigenvaiue exists it would be at auoh ¢ low Beynolda suaber to meake the use of
toe quasi-parsllel theory invalid,

¥hen the ifmooming Madk wvaves of the externcsal travelling aound field reflect froa e solid surface in
the absence of ¢ boundery lsyer, there is Bo phese shift el the well. Cosmpresaion weves reflect es
SOBpression waves, 2ot the reflected vaves originste et the points where the corresponding incoming weves
intersect the aurfece, flowever, whes a boundary leyer is presest, there {8 a phese shx‘t at the well,
Condequentily, a reflsoted Mach wave of the sase phase appaers to origisate at & distsaoe ! awvay fros the
poiat of interseotion. This offset distance, exprossed as a ru’ 10 to the boundary=layer taluknoes, 18
given by

£ %o (ormy, M ng(0)en (O)) (11.2)

vhere "1(0) 19 the phase ({2 radiers) cf the oressure fluotuation of the fncoming wvave at the vall, and
2 (0) 15 the seme quantity for the reflected vave. Vhea tis jaase of the reflecitd weve lags the phase of

e iscoming weve, the reflected wave origisates at a point dovastracn af e interseetica poiat of the
incoming weve. ¥hen the phase differemce i 2r tategir gultiple of ', the inacaing vave reflects asa
vave of the opposite afgn at tdhe poiat of ifstersection.
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In Fig. 11.5, the ratio N2 is given at R = 600 as a funoufn of frequenoy for the same conditions
as 10 Piga. 11.3 sad 11,8, At only one frequency, F « 0.975 x 10°7, 18 the offset diatance sero, ror‘an
amaller frequencies, the phase of the refleoted u‘v lags behind the phase of the inooming wave, and 4 i
positive with a maximum qf 8.5.at F « 0,08 x 107", Beosuse of the long wvavelength at this frequency,
this offset fa only 0.077%°, ~r 28° in phase. Offsets have been obasrved experimentally ia unpublished
aeasurements of Xendall. Tne measurements were made with a dbroad-band hot-vire signal, 80 no direct
comparison with the single~frequency ocaloulations is posaibdle.

11.8 Table of bdoundary-laysr thicknesses

As o final item in Part B, we append Table 11.1 whioh givea the three ocommon dimensionless boundary-
layer thicknesses as functions of the freestream Mach number for the family of insulated-wall, flat-plate
boundary layers for which numerical results hsve been qun in Seotions 9, 10 and 11. These guantities
Bay be used to convert the a, 7 and R (all based on L ) into, say, ay 40y and R;o based on &. The
oonversion is achieved by multiplying ., v and R by Y.

Tadle 11,1 Dimensionless boundary-layer thiockness (U « 0.999), displacement thickness
and somentum thiokneas of insulated-wall, flat-plate boundary layers.
(¥ind-tunnel temperature conditions.)

N1 A y.* Yy
0 6.0 1.72 0.664
0.7 8.2 1.92 0.660
1.0 6.8 2.13 0.656
1.6 7.0 2.17 0.6a8
2.0 7.6 . 0.6R%
2.2 8.0 3.72 0.643
3.0 9.8 5.48 0.642
3.8 12.1 7.83 J.64%
L J9% 13.5 9.22 0.685
4.5 13.6 10.33 0.686
L 15.8 11.55 0.686
5.8 20.0 15.713 0.636
6.2 2.7 17.89 n.629
7.¢ 25.4 21.19 0.616
7.% 27.8 23.62 c.607
8.0 30.3 26.13 0.598
8.5 32,9 28.72 0.590
9.0 5.5 31.38 0.581
9.5 38.2 34,10 0.513
10.0 LA 3.88 0.565%
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PART C. THREE-DIMENSIONAL BOUNDARY LAYERS
12. AQOTATING DISK - A PROTOTYPE 3D BOUNDARY LAYER

Up to thia point wa have been conocerned in the numericsl examples exclueively witk two-dimensional
boundary layers, although the forsulations of Seotions 2 and 8 are slsoc valid for thrae-dimensional
boundary layers. In the final thres Sections we shall take advantege of thie fact to pressnt » nuabdber of
results for 3D boundsry layers. A fundssentsl difference between the atadbility of 3D and 2D doundary
layers 1a that a 3D bourdary lsyer is subject to orcesflow instability, This type of instsbility, which
eshnot occur in 8 2D boundery laysr, is responaible for early tranaition on aweptback winga. Its
essential features can best be introduced by etudying the aimple boundary layer on a rotating disk. Thie
self-similar boundary layer of constant thickness was first used for thie purpose by QOregory, Stuart and
Walker (1955) in their classio paper on three-dimensional boundary-leycr instadility.

12.1 Mesn toundary layer

The exact sclution of the Nsvier-3tokes equations for a rotating diak waa given by von Karsan (1921),
and later an acourate numerical solution vep uork‘a out by ioohrln (1938) 3nd is given in Schliohting’a
( 9) book. We use the ooordinate gystes r ; 6, 3, uhor,o r is the radiua, 6 ie the azimuth angle, and
T 18 in the direction of tha engulsr velocity vector ., The radial, szimuthal and axial velooity
oomponents can be written

u'(r'.l.) -R'r‘U(f,) . "(r'.s') -u'r'v(c) '
. (12.1)
va% s O 0 .

The dimensionless valooity componenta U, ¥ and W are funotions oaly of the axial similarity variable

e st (12.2)
where

Lt e (12 (12.3)

i the length ecale. In terms of the length scale and the veloaity scale si.r.. the Reynclds numbder is

YT 3 A TS T A (12.8)

which {s aimply the dimensionlese radial coordinmate r, The Reynclds numbder bdased on the local azisuthal
velocity and radius is

N T ] e LA (12.%)
Thua R » Ic"z. Just a» o the 2D boundsry.hnr. we have deen atudying. The diaplacement thickneas of
the rotatiang-disk bouadary layer is 1.27L .

The dimenajonlesas asiauthal and redial velocity profiles in the ocoordinate aystes roteting with the
diak are ehown 1n Fig. 12.1. The azimuthal, or cirousferential, profile 1a of the asme type ae in e 2D
boundary layer with the velocity increasing monmotoaicaily froa the eurfsce to the outer flow, and it will
be referrcd to aa the stresmvise profile. With the diek rotating in the direotion of poeitive 9
(counterclocokwiae), the outer flov relative to the diek 10 in the negstive (olookvies) direction. The
radial profile is of & type that cannot oocur is a 2D boundary layer. The velocity, directed ovtward fros
the disk center, is zero both at the wall and in the ocuter flow, e0 that there ia of meceeceity an
inflection potat, which 10 located at -« 1.812, where U » 0,13) sad V s -0,.760. The radial velocity,
being sormal to the atreanvise flow, 18 by defiaition the crossflow velocity, The saximus redial velocity
of Uyun *® 0.18% {» Jocated at _» 0.938, where Y s -0.096,

12.2 Crosaflow inatadlility

The phenosench of croasflow i1adtadility was discovered Guring early work oa the flow over awept-dack
wings. Trancsition 1a flight teats wap observed by Grsy (1952) to oecur sear the lesding edge at
sbacrsally lov Beynolda sumbers cospared to ab usswepl wiag Flow visualiszetioe revealed that the wing
surface bdeforw tramsition wes covered with closely-spaced parallel atreaks ia Lhe directicsa of the local
putentisl flow, as shows ia Fig IR0 of lhe review article by Stuart (1941). The atreaks were fised to
the wing, and, cace formed, d41¢ not chaage vwith time. They were cenjeetured to bes Lhe resuit of
statiomary vortices ia the boundary layer. This sase pheasaeiod wes demonsirated dy Gregory, Stuari and
Valker {19%3) to exiet oa & rotating ¢isk. The atrechs were fuund by Lhe chide-ciay teehaigue Lo take oe
the form of logsrithmie epirale at an angie of about 13° Lo 14° to the cirouafereatial directien {ane
froatiapiece of Roseahesd ('+°3)], with Lo redius of the apiral ¢ecressing with iscreastiag angle . As
i the ving sxperinest, the etreak patlare ves fized to Lhe aurfaee, a2d 50 coulé W photographed at the
coacluaion of the experiseat uith the diak at rest.

Stuart {Gregory ot al. (1999)] used et arder-ef-nagaitude srgunent Lo reduce the exsot linearised
Savier-3tokse equatioas for & rotatiag disk to the fourth-orser Orr-Soamerfelé ogmatioa fer the
dotorniaation of eigenvaluee. o this eade, a8 we have already diecussed is Jectica 2.4.1, the IO
stability prodies reduces to ¢ 2D etadility prebles fer the veloeily prefile 56 the direetios of the
vavenunber vettor. Sinse the valazity profile is & 3D beue ‘== layer, walibe & 20 bouadary layer, deponds
o8 the direction, there is o differeat stebility predlea te seive for saed wave direstioa, The
circunforeatial profile has caly visoows imstadility, and 1s sueh tes atable te have anythiag to @ with
the odserved iastadility phencacns. The radiel veleelty prefile, ea the contrery, has iaviseld
1a0tadility becauwse of the i1aflectieon peist, As the (afleciicn paint 1s loeated well awsy frea the disk
surfase, we can sxpoet there to Do ¢ olreag 1mstadility.
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In sddition to ths infleotionsl radial profile, there is s whole femily of profilse in dirsotione
close to tha radisl which siso have inflsotion points. Stuart noted that for tha velooity profile at an
angls of « = 13,2°, where ' 1s messured fros the radius in the poeitive O direotion, the inflecotion
point 18 locatad whars tha magnituda of the veloaity is zaro. Consequsatly, socording to the Rsyleigh
thaoram, whioh wes shown to still de valid for this typs of profile, a stationary neu’rsl norssl mode
(phase vslocity c = O) osn exist with a wave sngle equsl to <. Stusrt slso shovsd by ocsloulsting
streanlices in the plane of '/, and the wavenuader vector for the rotating disk with large suction that the
stationary inviscid disturdbance oconsists of a system of vortices olose to the surfsce, all rotsting in the
same direotion (clockwise, looking slong the spiral towvards the disk oenter) and spaced one wavelength
apart, and s seocond systes of vortioes farther from the surface. Brown (1960) repested this oaloulstion
for the rotsting disk without suotion using the visoous equations, and confirmed the vortioces near the
surface, but not those farther out. The vortioces near the surface wers in socord with oonjectures made
earlier, Thus the streaks and the spirsl sngle were explained as manifeststions of inflectional
instability associsted with the crossflow, and the whola phencaanon was named orossflow instsbility,

This explanstion, while very suggestive, left sasny questions unanswered. The asimuthal wavelasngth
caloulsted by Stusrt for the invisoid neutrsl wave, gava the result that thera should de 113 vortises
around the cirocumfarance at & = §33, wvherass in the szperiments only adbout 30 were cdservad, This
disorepancy was attributed to the negleot of viecosity. Another reason for the discrepancy, not sentioned
st the tima, is that the theory dealt with nsutrsl weves, while ths wvaves thst fora in the chinm clay were
unstabls spatisl wvavas, i.a.,, thay ware amplifying in the outwsrd rsdisl direction. Brouwn (1960)
cslculatad s neutral-stsdility curve from tha Orr-Soamarfeld equation for ths valocity profila in the
direction 11.5° [#81d to bs messured from ths photograph in Gregory st sl. (1955)], and slso datarsined
the loous 1n :-R space of unatsble stationary temporal waves with thie wave angle. Acoording to Brown's
calculation, the number of vortices at R ¢ 433 is 23.6, snd st % ¢« 5S40 is 31.5. These numbers are more in
accord with experisent, but nv explanetion was givan ss to why thase particular waves should be observed.

12.3 Instadbility charactaristics of norsal msodes

The Orr-Sommarfald csloulstions of Brown (1959,19560,1961) for various directional vslocity profilas
gave a oritical Raynolds number of sbout 180. In none of the sxperiments were waves deteoted st anything
approsching this low s Raynolds number. Mslik, Wilkinson snd Orsszag (1981) derived s nev system of
equations in which sll terss of order 1/r wers retained. Thesa equstions ars of sixth order for the
detarasinstion of eiganvsalues, rather than fourth ordar. With the sixth-order equations, the critical
Reynolds number was computed to bs 287 [lster correoted to 275 by Malik (1983, privats oomauniocation)).
This large difference between the fourth and sirthe-order equations oasts serious doudbt on the usa of the
foreer in the rotating-disk prodleas.

The stadility snalysis is carried out in tha polar coordinates r, ', 7. The wavanumber vector k st
an angle . to tha radisl diraction has compurants » in tha radisl direotion and £, 1n the szimuthal
direction. The wavs angle . is easured from the radius end is positive countsrclockwise as usual. In
Fig. 12.2, the spatial asplification rata ° in tha rsdial direction, computed sa en aigenvalus with (E*.i)1
» 0 free the sixth-order equations of Malik at al. (1981), 1s plotted against the azimuthal wavenumber 3
s 2°/+., whera +. 18 tha ssimuthal wavslangth in rsdisns, This wavenumber axprasses tks nuaber of
wavelangths sround a cirouaference, whioh, 1n.u:o present case, is equivalsnt to the number of vortioes.
It is relatad to tha wavanusber : based on L by:s : /A The ceritiosl Reynolds nuaber is seen to be
sbout R s 27), in reascnable agreement with Malik's sost recent value. For R greater than sbout 400, tha
saximus spatial amplification rate in P 18,2 1a larger than in any 2D Palkner-Skan bdoundary layer (for
the separstion profile, - . » 48 x 1077), The group-velooity angle :. of the most unstsbls normal mode
at R s %00 18 <8Y° (.mw-o'tf fros the redial direction), so that the amplification reta in that direotion,
g v ‘co3l., 18 only 89 = 10"3. Tha lerga vsiues in tha rasdial direction css be regsrded as »
c‘lﬂ.qu.let of tha long spiral path length rather than a reflection of the inhsrant instadility of ths
valooity profile.

Tha wave amgla v is giver in FPig. 12,) at seversl Reynolds numbers ss a fuvotion of “n, The
16terest §n this figure 18 the prominent maximum in . that increases with R To understand this bdehavice
1t i3 necessary to mentioa that the norsal-mode solution represented in Figs. 12.2 and 12.] is 2ot unigue.
There 15 8 seoond solution with larger wave o,}u that s ocsplately damped for R ¢ %00, At R s . the
sinieun wave angle of this solution s 18.3% st .. s 23,5, and the asninus danping 48 1.8 x 10°7 st i e
2%.2. At 8 Baysolde nuabder somsvhere sdove 500, the two eolutions exchsage fdentities for certain *.,
uwilk oconsequences that have not yet been worked out.

The logarithm of the amplitude ratio lflo obtained by intagrating ' slong the rséius is gi/en in
Fig. 12.0 at R » 330, 800, 450 and 500, Tha referesce smplituds is at R ¢ 250, rather than at the
lower-branch neutral point of esch Fourier compomsat. The wav? anglé at the saxisua amplitude of esck R
$s nuted 1s the figure These Buserical results differ frea those of Malik et al. (1981) decsuss here the
irrotstienal ity aendition, Bg. (2.5%5¢), ase Deen appiied to the vsveauaber vector of esed Fourier
coaponsatl. FPor Lhe diak, thie condities is that the asisuthul vaveausber f';, of nuaber of vortices, ie
constsat. Thet fo, in Fig. 12.2 ths path of fategratios is parallel to the ordinate. 12 Pig. 12,3,
18(8/4,)) 10 given As & funetion of Doth ¥, sad (7 .)o, the value of 7. at the reference Reysolds auabder of
290. b3 observe thst sithough the bdaadwidth of “. for whiech I is grester then i, tncresses vith
iacreosing R, the basdvwidtdh for whioch /8y 18 within V/e of the maxipum saplitude ratio decreases
olightly. The values of u(uy 1a this figure ocesirest with sveh higher valuves obtaimed by Cebeci and
Stevartacs (19809) fres the aysten and the parellel-flow saddle-poist oriterica, Trenmsitios
15 uavailly edserved to otart at & Reynelds sumber 1a the vioiaity of 500, so that the N faetors of Fig.
122 are of he sagnitude oustonarily assosiated with trassition ia 20 deundary layere. Thus we see thet
creseflov fnatability §s the retating-disk bovndary layer 1is peverful encugh to lead to troasition at
lower-than-serual Beywclds vabere where the streamwise prefile is campletaly stable,
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12.8 Nave pattern from a steady point souroce

The wvave angles and nuaber of vortices at the peak amplitudes of Fig. 12.4 are closs enough to what
13 observed in the experiments to auggest that the normal modea whioh yield those valuea are the dominant
nodes of the atationary wave syateam thst appears in the flow-viasualization photographs. However, ve are
atill left without any explanation of how only the most-amplified mode oould be present st each radius.
The filtering action of the boundary layer is not strong enough to socompliah this, and the oconstrainta of
constant F and i, do not sllov any initial Pourier component to be the moat-amplified normal mode at more
than one radius. Besidea, the experiment of Gregory et al. (1955) ahowed clearly that a band of
ciroumferentisl uavelengtha 1a present at each rsdius, not just the msost amplified.

A definite step forward was acoompliahed by the experiment of Wilkinson and Malik (1983). Thease
investigatora used s hot-wire anemometer instead of flov viaualization, and ao could more acourately
resolve the disturbance atructurs on the disk, Although it bad been oconjectured by Gregory et al. (1955)
that minute roughnesses aight pley a role in fixing the vortex pattern with reapect to the diak, the
Wiikinson~Malik experiment revealed for the firat time that the wave pattern reaponsible for the
stationary vortex lines emanates from point sources randoaly looated on the diak. All of the observed
propertiss of the waves can thus be sxplained as charsoteriatic featurea of the interference wvave pattern
that reaults froa the auperposition of the entire azimuthal vavenuaber apectrus of squal-phase zero-
frequency normsl modes produced by the point-source roughness slesent, The streaka of the flowv-
visuslization photographa are the constant-phase lines of the vave pattera. The wave patterns from a
numaber of sources eventually merge and cover the entire oircumference of the disk., It ia this merged wave
pattern that sppeara in the flow viauslization experiments. The auch greater sensitivity of the hot wire
ccapared to flow visualization techniques made it posaible to detect the waves at small radii vhere the
merger vas not yet complete,

¥ilkinson and Malik (1983) made the phhenomenocn even clesrer by placing an aitificial roughness on
the disk, The wvaves froa this roughnesa wvere of larger amplitude than the vaves froa the naturally
occurring mimte roughasasea, and so offered an opportunity to study the essential phencaenon in a purer
fora. Pigure 12,5, taken froa Pig. 18 of their paper, showva the staasdy vave pattern fros the aingle
roughnens, 83 well as cothers froa usavoidadle matural roughneases. in thia figure, which was odbtained by
foraing sn ensemble average of the amplitude ameasurementa at svery diak revolution, the amplitudea have
been norealised to a oonstant value of the ssximum amplitude at each rediua,

The wave pattern of Pig. 12.5 1a of the ssme type that ve atudied in Section 7 for » haraonic point
source in a Blssius bdoundsry lasyer, with due asllowance made for the very different instability
charsoteristics of 2D dboundary layers and 3D boundary layers with crosaflov instability. We therefors
modified our oslculation procedure for planar bdboundary layers to fit the different geometry of the
rotating disk and the lack of sn axis of aymmetry, and have calculated the vave pattern producec by a
zero-frequency point source located at the Reycolds number of the roughneas element in the Wilkinson-Malik
experiment {Mack (1984¢)]. The wave forms, normalized to a conatant value of the maxiaum amplitude es in
Fig. 12.%, are shown in Fig. 12.6 slong with the conatant phaae lines, The nuabdbering of the conatant-
phase lines corresponds to the syetem used by VWilkinson and Malik, It ia evident that the caloulated wave
pattern i{s in the cloaeat posaidle agreement with the measured wave pattern aa to the location of the
constant-phase lines, the nuamber of ocscillations at each radius, and the azimuthal wavelength, The latter
quantity varfes with both redius and azisuth angle. The shift of the wave pattern to the right in Pigs.
12,5 and 12.6 with reapect to the oonstant-phsse linea 1s because amplitude propagates sssentislly along
group-velocity trajeotories., The agreement between Figs. 12.5 and 12.6 conclusively desonstrates that the
obesarved atationary vaves on & rotating diak are the reault of the auperposition of the entire apectrus of
norsal sodes, both amplified and dasped.

The osloulated amplitudes aloog the conataat-phase 1inea sre giveo 1n Pig. 12.7. Vortex No. 11 io
tne one thet comes from the point souroce, and it 1a the only one with ap :aplituds ainimum, vhiok, it
should be noted, s vell beyond the critical Reynolds number of 273. The reference amplituds of this
vortex vas selected to fit the miniaus aaplitude Of the experiaent, and Lthen uaed for all of the other
vortices. A comperison ia givea in Pig. 12.8 of the calculated and experisental envelope amplitude
distridbutions st R « 300 and M6, 1o this figure, the experiments] amplitudss have been normalised to the
arbitrery thecretical saximus amplitude at R » 300, At R » X300, the agreement is exorllent exocept at the
right-band edge of the wave patiern, vhere 8 seocodd vave patterr vas present in the expsriment, At R s
A66, the influence of the ascond wave pattern haa spread simost to the center of the prinoipal wave
pattarn, and is the resson for Lhe disagressment betveen theory and experiment ia Pig. 12.8 to the right of
the mazisus amplitude.

13. PALKNER-SKAR-COOKE BOUNDARY LAYEAS
11.1 Neen boundary layer

In order to more fully study the influence of three dimensiosality 1o the aean flow on boundary-layer
stadility than §s posaible with the rotatiag diak, it 1a necesaary to have a fuaily of doundary-layera
where the magnitude of the crossflow cas be varied ia s aystesat!ic sanner. The tvo-paresetsr ;swed-vedgs
flows {ntroduced by Cooke (1950) are suitadle for thia purpose. One poraseter ia the usual Palkner-3kan
dimensionlesa pressure-gradient paraseter i,; the othe: ia the rctio of the spanviae and ghordwiae
velocitiea. 4 comdination of the two pnrno?-n makea it possible to simulate sinple planar three-
dimenaional bousdary layera.

The inviscid valooity iz the plane of the vedge and normsal to the leading sdge in the direct{on 2, {0

o ctade, (13.1)

vhere the vedge angle 10 (2/2) 5 and i) s 2u/(m+1) as in Eq. (2.62). We abal) refer to this veloaity as
the ochordvise velocity. The veloeity parsllel to the leading edgs, Or spanvise velosity, 1s
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¥y, = oconst. (13.2)

The subsoript ! refers to the loocal freestreas. Por thia invisoid flow, the boundary-layer squations in
the x, direction, as shown by Cooke (1950), reduce to

£ 117 o 8 [(me1)/2-1'2) s 0 . (13.3)

Thia equation ia the usual Palkner-Skan equation for a two-dimensional boundary layer, and is
independent of the spanwise flow. The dependent variable f(y) is related to the dimensionless ochorduise
velocity by

U, = U0, « [2/(m0))E(y) (13.8)
and the independent variable ia the similarity varisbdle
y s y'(u:,/v'::)"z . (13.5)
Once f{y) 1s known, the flow in the spanwise direotion 3: is obtained from
g + fg' =0, (13.6)
where
v, s W s aly) . (13.1)
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